ORTHOGONAL GAN-GROSS-PRASAD CONJECTURE IN GEOMETRIC
LANGLANDS
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ABSTRACT. We prove part of the global Gan—Gross—Prasad conjecture for G = SO, X SO,_1 and H =
SOp,—1 in the unramified de Rham geometric Langlands setting proposed by Ben-Zvi—Sakellaridis—Venkatesh.
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1. INTRODUCTION

1.1. Setup.

1.1.1. Automorphic side. Let C be a connected smooth projective curve over C. Let H = SO, _; and
H' =8S0,, with n > 4, and let G = H' x H. Let X = G/H be the corresponding spherical G-variety. We
use T'C B= NT C G to denote the subgroups as usual. Let

Bung := Map(C,BG)
be the moduli stack of G-bundles on C, and let
Bung := Buny = Map(C, [X/G]).
There is a natural map
TX : Buné{ — Bung .
Following [BZSV24, §10.3], one can define the (unnormalized) period sheaf
Px = (7x,ar )1 Cpunx € D-mod(Bung) (1.1)

where Cp,,x is the constant D-module on Buny and (7x 4r)1 is the de Rham pushforward.

1.1.2. Spectral side. Let G = H' x H be the Langlands dual group of G. Let M € Rep(G) be the tensor
product of the standard representations of H and H'. Let

LOCG = Map(CdR, Bé)

be the moduli stack of de Rham G-local systems on C.

Let Mypiy € QCoh(Locg) ®D-mod(C) be the universal G-local system on C associated to the representa-
tion M. We use a normalization in which My, lies in cohomological degree —2. Its de Rham cohomology
defines

FdR(C, M;niv) S QCOh(LOCG)

This is a derived vector bundle on Loc of (virtual) rank —(2g—2) dim(M). Since M is a symplectic self-dual
representation of G, the de Rham cohomology group Tqr(C, M ., )[—1] carries a symmetric bilinear form.

univ
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Let Loc C Locg be the open substack where Tqr(C, My, )[—1] is concentrated in degree 0. Following
[BZSV24, §12.8], one considers the Clifford algebra

= Cl(Tar(C, My )[1]) € Alg(QCoh(Locg,)).

1.1.3. Comparing the two sides. The series of papers [GR24a, ABCT24a, CCF*24, ABC*24b, GR24b] es-
tablishes an equivalence of categories

L¢ : D-mod(Bung) = IndCohyip (Locgs).
The following conjecture is [BZSV24, Conjecture 12.8.1] in our setting:

Conjecture 1.1. The object ]L(;(PX)|LOC% is an irreducible Q% -module in IndCohnyyp, (Lock), that is, there
is a canonical isomorphism

0% = Endqoon(rocs, ) (ke (Px)lLocg, ) € Alg(QCoh(Locg,)).

1.2. Main result. Let
Jier Loclrr — Locg

be the locus of irreducible G-local systems. One has Locg’r C Locg. Note that wo(Loc‘") = mo(Locy) =
71 (G) = Z/27. Let
Loct™® € Locl

be the neutral component. The main result of thls paper is the following:

irr,0

Theorem 1.2. Conjecture 1.1 holds when restricted to LocG

Remark 1.3. Our proof involves computations for the sheaf of twisted differential operators on Bung at
the critical level, which corresponds to the pushforward of the structure sheaf along the map OpG — Locg
from the moduli stack of G-opers. The image of this map lies in the neutral component Loclrr O and this

is the reason we only prove Conjecture 1.1 for Locgr 0, However, the remaining component of Locig can be
addressed in a similar manner, by considering Kac—-Moody localizations of other modules rather than the
vacuum, which corresponds to considering other monodromy-free opers instead of the regular opers. Also,
the restricted variation variant of Theorem 1.2 in positive characteristic should follow using the techniques of
[GR25]. Combining this result with the results of [LW25, Wan25, Wan26], one can deduce a higher-derivative
function-field version of the arithmetic Gan—Gross—Prasad conjecture in the unramified setting in the spirit
of [YZ17]. We plan to address these in a future version of this article.

Remark 1.4. When g < 2, the irreducible locus Locg,r is empty, and the statement of Theorem 1.2 is
vacuous. So we assume g > 2 throughout this paper.

1.3. Strategy of proof. The construction in [LW25] equips Lg(Px )} -0 with a natural action of the
G
Clifford algebra O, [}, .o (see Proposition 2.8). It therefore suffices to prove the following:
G

Theorem 1.5. The object
LG(PX)|LOCiér’O[5H - 5NQ1/2] € QCOh(LOCiér’O)
C

is a locally free sheaf in QCoh(Locig’O)@, with rank equal to 209~V dim@D) - Hepe
e 0y = dimBung.

e iy where Buny := Map(C,B(N % Gn)) XMap(C,BG) {QgQ}. Here G,, acts

= dim Buny 1/2
o

1/2

on N by 2p € X.(T )C

Ql/2

We prove the following two propositions, which together imply Theorem 1.5:

Proposition 1.6 (Proposition 2.1). The sheaf ]L@(’PX)|LOC,rr € QCoh(Locm) has bounded cohomological
degrees with locally free cohomologies.

Proposition 1.7 (Proposition 4.1). There ezists o € Locmo((C) such that the fiber it (La(Px))[0n —

ON_,,,] € Vect lies in Vect” and has dimension 209~ dmOD) “yhere i, : {0} — Locg is the inclusion.
o
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We will prove Proposition 1.6 in §2 by showing that L& (Px) has vanishing Atiyah class locally on Lociér
(Proposition 2.6), which will be a consequence of the Plancherel algebra computation in [BFT22] (Corollary
2.12). We will prove Proposition 1.7 in §4 by computing the period integral of Hecke eigensheaves arising
from the quantization of the Hitchin system in [BD91]. For this computation, we use a naturally defined
filtration and reduce the problem to a classical limit calculation in §3. This is similar to the strategy used in
the proof of the index formula in [FR25, Theorem 6.1.2.1] (see Remark 4.7 for a more detailed comparison).

1.4. Notations. In this article, we fix a smooth projective connected curve C' over the complex numbers
with genus g > 2. We will fix G, H, H',G as in §1 and use g, b, b/, § to denote their Lie algebras. It should
be clear from the context that some of our results are valid for more general groups.

By default, work with presentable co-categories. Given such a category C and objects x,y, we write
Hom(z,y) := mo(Mape(z,y)).

We use Bung to denote the moduli stack of G-bundles. For each finite-dimensional representation V' of
G, we denote by Viniy € QCoh(Bung xC) the universal vector bundle associated to V. We use

Ly = det(T(C, Viiv)) ® det(T(C, 05 ™)) =1 ¢ Pic(Bung)

to denote the line bundle on Bung associated to V.

We use Locs to denote the moduli stack of de Rham G-local systems on C. Similarly, for each finite-
dimensional representation V of G, we denote by Viniy € QCoh(Locs x Cgr) the universal local system
associated to V, which lies in cohomological degree —2.

By default, we work with stacks over C for the étale topology. For such a stack Y, we denote by Ygr its de
Rham stack. We denote by D-mod(Y) := QCoh(Y4r) = IndCoh(Y4r) its category of D-modules. We have
the adjoint pairs

ind" : QCoh(Y) = D-mod(Y) : oblv’
and

ind" : IndCoh(Y) = D-mod(Y) : oblv"

such that ind’ 2 ind” o(— ® wy) where wy € IndCoh(Y) is the dualizing complex. We use Dy := ind'(Oy) =
ind"(wy) € D-mod(Y’) to denote the sheaf of differential operators on Y.

Given a line bundle £ € Pic(Y), we also have the category of twisted D-modules D-mod.(Y) which is
canonically equivalent to D-mod(Y). We have similar adjoint pairs

ind’. : QCoh(Y) = D-mod,(Y) : oblv’

and
ind} : IndCoh(Y) 2 D-mod,(Y) : oblvy.

We use Dy, := ind%(Oy) € D-mods(Y). Under the identification D-modz(Y) = D-mod(Y), we have
ind’. = ind' o(— ® £71) and other similar identifications.
We will fix a square root Q}J/ ? of the canonical line bundle Q¢ on C, which gives a square root Eé/ i of

the line bundle L5 4 on Bung. We use « to denote the critical level of G, and we use
D-mod, (Bung) := D-mod .1/ (Bung)
G,g

to denote the category of twisted D-modules on Bung at the critical level, and we will sometimes write k
instead of Eg; in our notation.
Given a morphism f : X — Y of stacks, we write fs, f*, f' to denote the usual functors on QCoh and

IndCoh, and we write fyg,«, féR to denote the usual functors on D-mod, whenever they are defined. When
Y is a point, we write I'(X, —) := f.(—) and Tqr (X, —) := far«(—).

Acknowledgements. The authors are grateful to their advisor Zhiwei Yun for suggesting the problem and
for constant encouragement and support.
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AT usage. The authors originally had the idea of using similar methods to compute the Euler characteristics
of the stalks of Lg(Px). Wang then prompted GPT-6Pro with this idea and asked whether stronger
statements beyond Fuler characteristics could be established. This led to Proposition 1.6. We also used
GPT-6 and Claude Opus 5.5 for literature searches, most notably for Proposition 3.7, and for spotting typos
and polishing the grammar. The article was written by humans, and the authors take full responsibility for
any errors.

2. LOCAL CONSTANCY
2.1. Main result. In this section, we prove the following result:

Proposition 2.1 (Proposition 1.6). The sheaf ]LG(PX”Locinr € QCoh(Lociér) has bounded cohomological
degrees with locally free cohomologies of finite rank.

We will deduce Proposition 2.1 from the following two lemmas:
Lemma 2.2. The object ]LG(PX”LOCiGgr is a perfect complex.
Lemma 2.3. The object Lg(PX)|L0ng admits (not necessarily flat) connections locally on Locig.

It is easy to see that Lemma 2.2 and Lemma 2.3 imply Proposition 2.1. Lemma 2.3 follows immediately
from Proposition 2.6, which we prove below. We first prove Lemma 2.2.

Proof of Lemma 2.2. Let
cusp

Jeusp : Bung™” — Bung (2.1)

be the open immersion of the open substack where the Harder—Narasimhan filtration has slope A € X, (T )6

with A < (29 — 2)p where p € X*(T)6 is the half-sum of positive coroots as defined in [DG16, §B.1.2].
Here the order is defined such that Ay < Ay if Ay — Ay is a linear combination of simple coroots of GG
with non-negative coefficients. By [DG16, Proposition1.4.6], any object of D-mod(Bung)cusp is a clean

extension of its restriction to Bung,*’. Denote F : Px € D-mod(Bung*”). We have Lg(Px)|pocir =
G

L6 (o) )| ocis-

First, we show that L&*°((jeusp)1F) has bounded cohomological degrees. Indeed, by [GR24a, Propo-
sition 1.8.2, Theorem 2.1.2], we know that L**¢ has bounded cohomological amplitude. Therefore, it suf-
fices to show that (jeusp)iF has bounded cohomological degrees. This follows from the fact that F €
D-mod(Bung;™”) has bounded cohomological degrees and that (jeusp): has bounded cohomological ampli-
tude, where the latter follows from the argument in [GR24a, §2.2.4]: it is clear that (jcusp): is right t-exact,
and the left cohomological amplitude is bounded by the minimal number of affine charts covering a smooth
cover of Bung,™".

Assume F € D-mod(Bun*P)SV for some N € Z. Write Bun ™" = [Z/K] where Z is a smooth
scheme and K is a smooth affine algebraic group, and let f denote the map f : Z — Bunj™. We
have F = colim(--- fif'fif'F = fif'F). Let F; denote the d-skeleton of the simplicial object. Then
Cone(Fy; — F) € D-mod(Bung;*?)SN =4, Since all F, are compact, we know that L& ((Jeusp 1) [Locizs

are perfect complexes. Combining this with the cohomological boundedness of LE**® o (jeusp)i, we obtain
that LE*°((Jeusp 1 F )|Locié,- has coherent cohomologies and hence is a perfect complex.

— g%
- ]cusp

O
2.2. Atiyah class.

2.2.1. First infinitesimal neighborhood. We first recall the construction of the first infinitesimal neighborhood
of a morphism in [GR20, Chapter9, §5.1]. Given a morphism between prestacks

f:Yy—>2
where Y and Z{A\ = Z Xgz,x Yar are laft and admit deformation theory, consider the associated map on
tangent complexes !
Ty/z — Tlé .

1T\3 € IndCoh(Y) should be regarded as the Serre dual of the cotangent complex Ly, rather than the linear dual.
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Using the construction in [GR20, Chapter 8,§5.1] this induces a square-zero extension?

1
Oy =y
equipped with a map
yh 2.

This is the first infinitesimal neighborhood of the morphism f. Moreover, [GR20, Chapter 8, Proposition 6.4.2]

gives a fiber sequence in IndCoh(‘ég)):?’

(FD)aTyz = (FD)uwy = wyon (2.2)

This construction is functorial in f: Given a sequence of morphisms

ydo 52,

there is an induced map

ig : 92) - 15(2,12)

and a commutative diagram in IndCoh(Y (2,12))
(ig 0 FL) Ty 2, —— (ig 0 1) )uwy —— (ig)uw

(1)
9z,

J J l . (2.3)

1 1
(FENTy 2y ——— (f)ewy ——— Wy
2

The construction also commutes with base change by [GR20, Chapter 8, Proposition 5.4.3]: Given a Carte-
sian diagram of laft prestacks admitting deformation theory

y_1.,7
l‘” lq
y 1,9

one has a commutative diagram with Cartesian squares:

~ fN'(l) =(1) ~
L gl Z
9y g J{gz
FfO L
Y Yz Z

and a commutative diagram in IndCoh(gg)):

Y
. JN - (2.4)

(g,;l))l(f(l))*Ty/Z — (gél))!(f(l))*wy — (9;1))!“’13;1)

2We will sometimes write H(l) rather than yf;) when Z is clear from the context.

3The functor f£1> is defined since f(1) is inf-schematic, and we use the IndCoh-sheaf theory in [GR20, Chap-
ter 3, Theorem 5.4.3]. The same applies to the other x-pushforward functors in this section.
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2.2.2. General definition. Applying the construction of §2.2.1 to the diagonal map
Ay:Y—YxY,

one obtains the first infinitesimal neighborhood of the diagonal:
A< (1) (1))

‘31) (1) (P17 Py
Y Y Y xY

and a fiber sequence in IndCoh(Y(")):

(A, Ty 1] = (AP)wy — wyo. (2.5)
Regarding these as kernels gives a natural transformation between endofunctors on IndCoh(Y):
Aty : Ty[-1] @' — — id. (2.6)

We call (2.6) (or (2.5)) the Atiyah class of Y. For F € IndCoh(Y), we denote by
Aty(F) : Ty[-1] @' F - F

the induced morphism.
For F € IndCoh(Y), a connection on F is a null-homotopy of Aty(F). To see that this is compatible with
the usual definition of a connection, one notes that (2.5) gives a fiber sequence in IndCoh(Y):

Ty[-1] @ F = F = (p5). (") F.

Therefore, a null-homotopy of Aty (F) is equivalent to a splitting of the last map, which by adjunction is

equivalent to a map (pgl))!]: — (pél))!]: in TndCoh(Y™)) whose restriction to Y is the identity. This is exactly
the usual definition of a connection.

2.2.3. Atiyah class of Locs. Applying the construction in §2.2.2 to Y = Locs, we obtain the Atiyah class of
Locg as a natural transformation between endofunctors on IndCoh(Loc):*

At 1 Tar(C, funiv)[-2] ® — 2 Thoc, [-1] @' — — id, (2.7)

where we regard I'qr (C, §univ) € QCoh(Locg). It satisfies Tar (C, Guniv)[—2] ® WLocy = TLocs [—1]-
We also need the variant where one takes Y = Locs X Cyqr which gives an Atiyah class as a natural
transformation between endofunctors on IndCoh(Locs X Cyr):

Ate - (FdR(C, guniv)[_Q] X deR) ® — —id, (28)
where we are using the fact that TlocyxCap = TLocy M weyg-

2.3. Local Atiyah class.

2.3.1. Spherical Hecke category. Define the spherical Hecke category
Satq = D-mod(LTG\LG/L*G)*" = IndCoh(BG x4 ,¢ BG).
This can be made in families over C' and defines a monoidal category

Satg,c := D-mod((L*G)c\(LG) /(LT G)¢)™" = IndCoh(Lock?, X Loczer, Locs®)

where Locggc (and Locz %) are informally defined as the moduli stacks classifying a point ¢ € C' together

with a G-local system on the formal disk (and punctured disk) around c¢. We refer to [ABC*24a, §B.7] for
a rigorous definition.® We use Sat : Rep(@) — Satg and Satc : Rep(é) — Satg,c to denote the obvious
functors.

Moreover, one also considers the spherical Hecke category with loop rotation

Satg.p := D-mod((LTG x Aut(D))\(LG x Aut(D))/(LTG x Aut(D)))"" = MOdgn(é/) (2.9)
where Aut(D) is the group scheme of automorphisms of the disk D = Spec (C[t]) fixing the origin. This is

[BF08, Theorem 5]. We use Satj : Rep(G) — Satg r to denote the natural functor.

4Note that under the identification D-mod(Y) = QCoh(Y4r), the usual tensor product ® on QCoh(Y4r) corresponds to the
I-tensor product on D-mod(Y), and we by default use this tensor product.
mer

5In loc. cit., these stacks are defined over Ran, while our LocggC and LocG o are their restrictions to the diagonal C' C Ran.
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We use * to denote the monoidal operation given by convolution on Satg, Satg ¢ and Satg s, and we
use the same notation * to denote the action of Satg ¢ on D-mod(Bung), D-mod(Bung xC) (as well as
the equivalent action on the spectral side) understood in the usual way. Note that the compatibility of
the actions under the equivalence L¢ is a special case of [ABCT24a, Proposition 18.3.8] which proves the
compatibility over the entire Ran space.

2.3.2. Local Atiyah classes. Koszul duality gives an equivalence of categories
Satg = QCoh([g"/G])Y/
where the shearing //places §* in cohomological degree —2. In particular, this description gives a tautological
morphism
At' : Sat(g) — Sat(C)[2). (2.10)
We call this the local Atiyah class.
We have a unique lift of the local Atiyah class to a morphism
At} : Saty(§) — Saty(C)[2] (2.11)

also given tautologically by (2.9).
The following lemma gives a unique lift of the local Atiyah class to a family over the curve:

Lemma 2.4. There is a contractible space of choices of a morphism
AtL, : Sate(§) — Sate(C)[2] (2.12)
whose fiber at any point ¢ € C is the local Atiyah class At'.

Proof. The existence follows from pulling back (2.11) on the automorphic side. Again on the automorphic
side, one has

Hom* (Satc(3), Sate(C)[2]) & Hom* (Sata(3), Sats(C)[2]) @cp Hin(C, C).
Since Hom' (Saty(§), Sat(C)[2]) = 0 for i < 0, we know that
Hom" (Sat(§), Sato(C)[2]) = Hom® (Saty(§), Sats(C)[2]) = Hom (Sat(g), Sat(C)[2]).
This implies the uniqueness of (2.12). ]

By abuse of notation, we also write Atlc for the induced natural transformation between endofunctors on
IndCoh(Locs x Cyr):

At funiv[—2] ® — — id. (2.13)

2.3.3. An alternative description of the local Atiyah class. We first give an alternative description of the
local Atiyah class (2.10). Applying the construction of §2.2.1 to the diagonal map

we get a square-zero extension

AL "8 s 5
BG —% (BG)) ——25 BG x5,¢ BG

and a fiber sequence in IndCoh(BG™)):

1 At! 1
(A& (Tacy 3 o) — (Agd)swpe = waga- (2.14)

The first map is a lift of the local Atiyah class (2.10) in the sense that after applying (pg )7pé )) to (2.14)

and using the identification

(ABG)*TEG/(BGX |BG) = Sat(§)[—2],

8/G
it becomes (2.10).
We can also apply the construction in §2.2.1 to the diagonal map

reg

ALOC : Loc'S8, — LocG o XLoczer, Loci®,

G,.C
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which gives a square-zero extension

G,c reg,(1) reg reg
Go 0Ce & — LOCG o ><Locmer LocG o
1
and a fiber sequence in IndCoh(LochegC( )):
1) AtC (1) i
(ALOCrG'e,gc )* (TLochf;:gC/(Lochf%C XLOCE% Locgéc)) (ALOCreg )*UJLocgygc — w(LOCrc;‘L,gc)(l) . (215)

where the first map is a lift of the Atiyah class in the same sense under the isomorphism

(ALochf;’gC )*TLocg’gc/(Locg%C X Locmer, Locgfic) & Satc (g) [_2] :
To see this isomorphism, we only need to show that there is an isomorphism in IndCoh(Loch‘;gc) =

IndCoh(BG x Cyr):

T; reg mer =2 g[—1] X w .
LOCG-YC/LOCGVYC g[ ] Car

This follows from [Roz21, Proposition 6.1.2] by pulling back along the map BG — Locg given by the trivial
G-local system on C.

2.4. Comparing local and global Atiyah classes. Now we compare the local Atiyah class with the
global Atiyah class. The comparison is given by the following proposition:

Proposition 2.5. One has the following commutative diagram of natural transformations between endo-
functors on IndCoh(Locys X Cyr):

. Aty .
Guniv[-2] ® — —————— id

[osse- |-

(Car(C, funiv)[~2] Rweyy) ® — —<s id

where Gys : Guniv[—2] = Tar(C, Guniv)[—2] M we,, € QCoh(Locy x Cyr) is the Gysin map.

Proof. Since all the endofunctors are linear over D-mod(C'), it suffices to compare the kernels of the natural
transformations as objects in IndCoh(Locgs x LocG X C4R).-

We first describe the local Atiyah class Aty in terms of kernels. Let Locgcég be the moduli stack of a

point ¢ € C' and a G-local system on C \ ¢. Using [ABC™24a, LemmaE.7.2], we have a Cartesian diagram

ALoc xCq
Locy X Cyr —2—"(Locg x Cqr) X Locners (Locg x Car)
reg

l .l l . (2.16)

reg reg reg
N [ N mer
Locac LOCG c ><Loc e LOCG .

Applying the construction of §2.2.1 to the upper horizontal map, we obtain a square-zero extension

1 1
(Blocgxcqn)

LocsxCar (Loce CdR) — (Locg xCar) X Locer (LocxCyr)

(LOCG X CdR) X1,0cmer,g (LOCG XCdR)
G,C

and a fiber sequence in IndCoh((Locs x Cqr)™M):

1 (1) Atc 1 (1)
(ALOCGXCdR)* T(LOCGXCdR)/(LOCC‘; XCdR)XLocn}er,g(LOCGXCdR) (ALOCGXCdR)* wLOC@XCdR — W
G,C
(2.17)

in which the first map induces the local Atiyah class Atlc at the level of kernels by unwinding the definition
and using the base change property of the first infinitesimal neighborhood (2.4) applied to (2.16).

. (1)
(Locg x CdR)(LocG X CqR) X

Loc

mer,g (Lc
[eNe]
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Now we compare the local Atiyah class Atlc with the global Atiyah class Atc. Consider the sequence of
morphisms

l—g

1
ALocéxC’dR LOCGXCdR

LOCG X CdR (LOCG X CdR) XLoc‘Gf“eé’g (LOCG X CdR) LOCG X LOCG X CdR

and apply the functoriality of the first infinitesimal neighborhood. We obtain an induced map
(1) (1)

ZAlﬂg : (LOCG X CdR)(LocC;vXCdR)XLocn}er,g(LOC(;XCde) Locg xLocgs X Car
a,c

1o8 xCan — (LOCG X CdR)

and also a commutative diagram (2.3). This reduces the problem to showing the following commutative
diagram in IndCoh(Locys x Cqr):

T(LOCG xCar)/(Locs X Car) X, .mer,g (Locy X Car) ? guniv [_2] & WLOCG X Car
G,C

l les@id

~

T(LOCG xCqr)/(Locg xLocs xCar) I (FdR(C; guniv> [_2] X WCdR) ® WLOC@ X Car

This follows from [Roz21, Proposition 5.3.3(b)] by a shift.

2.5. L-observables. We will prove the following result in this section:

Proposition 2.6. The morphism At(La(Px)) : Tar(C, Guniv)[—2] ® La(Px) — La(Px) is null-homotopic

locally on Locy' .

This immediately implies Lemma 2.3. The proof of Proposition 2.6 will be given in §2.5.4.

2.5.1. Plancherel algebra. Consider the relative derived Satake category
Sat}{™" ;= Shv(LX/LTG)

where Shv(LX/L*G) is the category of ind-constructible sheaves on LX/L*G as defined in [BZSV24, §B.7].°
Let Satg™" := Shv(LTG\LG/LTG) C Satg be the non-renormalized spherical Hecke category. Then

Sat’x™™" is a module category over Satg™". It has a loop rotation version

Saty 5" := Shv(LX/(L*TG x Aut(D)))

which is a module category over Satey,™"

Consider the map ix : LT X/LTG — LX/L*G and let dx := (ix)«wr+x/r+¢ € Satx™™", and similarly

nonren

define 0x , € Sat’y;*". The Plancherel algebra is defined as
PLX = EndRep(é) (6)()
and it admits a quantization
PLX’h = EndRep(G) ((5X,h).
For our choice of X, [BFT22, Theorem 2.2.1, Theorem 3.1.1] gives isomorphisms
PLyx = O(MY (2.18)

and

PLx 2= O(M),, (2.19)

where the shearing places M in cohomological degree —1 and O(M )gb is the Weyl algebra of M with shearing.

In particular, this gives a morphism
¢t Satp(M*) * 0x 5 — 6x,5[1] (2.20)

Remark 2.7. (2.20) is a special case of the local special cohomological correspondences constructed in [LW25,
§5.1]. While the description above determines cl. . only up to a scalar, the fundamental class of relative affine

*

Grassmannian gives a canonical choice. Here we can choose ci\z such that Proposition 2.9 holds.

s

6This category is denoted SHV.(LX/LT@G) in [BZSV24, §B.7].
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2.5.2. The Clifford algebra action. Now we apply the construction of [LW25] to obtain a Clifford algebra
action on Lg(Px). Note that [LW25] works with a sheaf theory different from the one we are using in two
aspects:
(1) They work in the setting of ¢-adic sheaves, while we work with D-modules. This is not a problem
as all the constructions in [LW25] can be carried out in the setting of ind-holonomic D-modules.
(2) They used a version of #-sheaf theory (in which x-pullback is universally defined) instead of !-sheaf
theory (in which l-pullback is universally defined). However, both sheaf theories define the same
Plancherel algebra, which only depends on finite type geometry (see [BZSV24, Remark8.3.2]). In
fact, the only input from [LW25] used in the article will be Proposition 2.8 and Corollary 2.10, which
involve only algebraic stacks on the automorphic side.

By the local-to-global construction in [LW25, §4.4], one obtains a morphism

¢& . 1 Sato(M*) x (Px Rweyy) = Px Kweyy[1]- (2.21)
Moreover, taking pushforward along C' gives a morphism
. Satc(M*) * Px — Px[1]. (2.22)
Translated to the spectral side, (2.22) becomes
are  Tar(C My ) [-1] © Lo (Px) = La(Px). (2.23)

Recall that M is a symplectic representation of G. Therefore, the cohomology group Tar(C, M, )[~1]
carries a symmetric bilinear form

U:Tar(C, lemv) [ 2] = C.
Let
SW FdR(C lemv) _> FdR(C Mumv)

be the swap map with the usual Koszul sign rule. The following result is a direct translation of [LW25
Corollary 5.7] to the spectral side:

Proposition 2.8. One has
Cpzx O Cppx — Cppx O Cpya O (sw®id) =c-U®id € Hom" (Tar(C, Mumv) [—2] ® La(Px),La(Px))

Locg, induces an action of the Clifford

where ¢ € C* is a non-zero constant. In particular, the map ¢y;.
algebra
0% = CUTar(C, M) [~ lLocs,)

on La(Px)|Locg, -

2.5.3. The moment map identity. Consider the moment map p; : M — §*. It is a quadratic map, so it
induces a morphism p}, : g — Sym? M* C (M*)®2. The following result can be directly deduced from
[BFT22]:

Proposition 2.9. We have the following commutative diagram in Satnonren

Sat(8) * xn —2 Sata(C)[2] % dxn

J{Sath poy)¥id lm

Satp,((M*)®2) % 5.1 Sx.n2]

where ¢\ o Saty ((M*)®2) % dx.5 — dx 1[2] is the map

M*

Sath((M*)gﬂ) * 5X,h = Sath(M*) * Sath(M*) * 5}(7}1 m Sath(M*) * 5X,h[ ] % —— 0x h[ ]

Proof. After reduction modulo 7, this follows from [BFT22, Theorem 2.2.1(a)]. This implies the quantized
version since
Homsatnomen (Satr(§) * 0x.n,0x,n) =0

which can be seen from (2.19).
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Applying the local-to-global construction in [LW25, §4.4], we obtain the following global version of Propo-
sition 2.9:

Corollary 2.10. We have the following commutative diagram in D-mod(Bung xC):

AtL xid
Satc( ) (PX @wcdR) to

lSatc(uj\Z)*id

Satc(C)[2] * (Px B weyy)

JN
& g

. L OC
Satc((M*)®2) (PX X wcdR) M4> PX X WCyr [2]
This can be further translated to the spectral side, which gives the following result:

Corollary 2.11. We have the following commutative diagram in IndCoh(Locg x Cagr):

AtL (L (Px ) Rw )
gunlv ® (]LG(PX) X dech i) ﬁi% (PX) X WCyr [2]

l(uM Juniv ®id JN

(M)%? @ (La(Px) Rweyy) ey Le(Px) Kweyg [2]

univ
Taking cohomology along C' and applying Proposition 2.5, we obtain the following result:

Corollary 2.12. We have the following commutative diagram in IndCohnip(Locy):

o At(Lg(Px
Tar(C, funiv)[—2] ® La(Px) (G—(Q)LG(PX)
J{FdR(Cy(H}I)univ)®id
Lar(C, (M,)%%)[-2] © La(Px) ~

l(AC)z(@id
Par(C, My, )#*[~2] @ La(Px) % L (Px)
where (A¢); : Tar(C, (M ,;,)%?) — Tar(C, M7, )22 is the Gysin homomorphism.

univ univ

2.5.4. Proof of Proposition 2.6. By Corollary 2.12, it suffices to show that the morphism in QCoh(Locg)
(AC)! o FdR(C (/u'*M)univ) : FdR(Oa guniv)[*2] — FdR(C M:nlv) [ 2]

T

is null-homotopic locally on Loclr This is obvious as the source is concentrated in cohomological degree 1

while the target is concentrated in cohomological degree 0 on the classical stack Loclrr

3. CLASSICAL LIMIT

In this section, we study the geometry of the relative Hitchin fibration, which serves as the microlocal
picture of the period integral computation in §4.

3.1. The relative Hitchin fibration. Let Higgs, := Map(C, g5, ,/G) = T" Bung be the Hitchin moduli
stack, and let Hitchg := Map(C, gg, / G) be the Hitchin base. Let hg : Higgsg — Hitchg be the Hitchin
fibration.

3.1.1. Geometry of the relative Hitchin fibration. The relative Dolbeault moduli space attached to the G-
Hamiltonian space M = T*X is defined as

Higgs = Map(C, [Ma,. /G]) = Bunje® := Map(C, [, /H])

where the subscript ()¢ stands for twisting by the line bundle Q)¢ via the obvious G,,-action as considered
in Theorem 1.5, and §’ = Lie(H') satisfies ’| iy = h & Std € Rep(H) and G,,, acts on b’ by dilations.
We have a commutative diagram

M/G — s g¢ /G

I

M)G=g )G
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which induces a commutative diagram

Higgsg — Higgsg

e 7

Hitchg

Here the isomorphism M J/ G = g* / G follows from the fact that M is a strongly tempered G-Hamiltonian
space in the sense that M is a symplectic representation of G. In this case, one has the following result:

Proposition 3.1. The map hyy : HiggsG — Hitchg is generically finite of degree 2(9—1) dim(M)

Proof. This follows from [HLM24, Corollary 6.1]. It can also be proved directly using the spectral curve
description of HiggsAG/[ . O

3.1.2. Coherence of pushforward. Recall that we have fixed a square root QgQ € Pic(C) of the canonical line

bundle, which gives us a canonical square root [,g Z € Pic(Bung) of the determinant line bundle L& 4 on

Bung for any reductive group G. Since b'|g = h @ Std € Rep(H), we get a canonical square root ﬁ}{/,zstd =

/2 1/2

Ly |Buny ® Ly~ € Pie(Bung) of the line bundle Ly g¢q. Via the map a : Higgsy = Bun?fc — Bung,

we regard cl i 2Std as also a line bundle on Higgsgl .
The main result of this section is the following theorem:

Theorem 3.2. The object (hM)*(LI_{?S/Ed) € QCoh(Hitchg) is a perfect complex.

The idea of the proof of Theorem 3.2 is standard: using the Harder—Narasimhan stratification of Higgsg
(see §3.2), we reduce to the semistable locus. Its good moduli space is proper over Hitchg, giving the

M,ss hncv

required coherence. That is, consider the open substack Higgs~"™" := Buny C HiggsAG/I in §3.2. Let

M,ss

h3y : Higgss ™ — Hitchg be the restriction of hys. We first prove the followmg.

Lemma 3.3. The canonical map (hM)*(EEI’lS/tZd) — (h?@)*(ﬁ;s{tzd Mss) 08 an isomorphism.

‘nggs

Then, we can deduce the perfectness from the following which is a special case of Proposition 3.7, and
the fact that Higgs]g is quasi-smooth:

Lemma 3.4. The following is true:

M ,ss,cl M,ss M ,ss,cl

(1) The underlying classical stack Higgsy, admits a good moduli space ¢ : Higgs, —

of Higgs
nggsg ss.eheoarse i the sense of [Alp13, Definition4.1]. In particular, ¢, preserves coherent sheaves.

(2) The induced map hffl’coa“e nggsM ssiclcoarse _y Higoh o is proper.
3.1.3. A technical variant. For later application, we also need a technical variant of Lemma 3.3. Let
jbdd : Bunbdd — Bungy (31)

be the open substack where the Harder-Narasimhan filtration has slope A € X, (TH)6 with A < (6g — 6)pn

where pp is the half-sum of positive coroots of H and Ty is the maximal torus of H. Let Higgsg’bdd be its

M ,bdd

preimage under Bun?q ¢ — Bung. Let hRdd . Higgs~ — Hitchg be the restriction of hy;. We have the

following lemma:

Lemma 3.5. The canonical map (hM)*(EEI’lS{tZd) — (h?\?d)*(ﬁg’ls{fd Mbad) 48 an isomorphism.

|H1ggs

For the application in §4, we need the following variant of Theorem 3.2, which is immediate from Theorem
3.2, Lemma 3.5, and Proposition 3.1:

Corollary 3.6. The object (hljjfid)*(ﬁﬁ,léfd

concentrated in cohomological degree zero and of rank 2(g—1) dim(M)

\nggsM vaa) € QCoh(Hitchg) is a perfect complex, generically

The proofs of Lemma 3.5 and Lemma 3.3 are in §3.3 and §3.4, respectively. They are direct applications of
the method of [HLH23, Context 6.5, Proposition 6.6] using the Harder—Narasimhan stratification of Higgsg
(and Bung) established in §3.2.
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3.2. Harder—Narasimhan stratification. Let H be a connected semisimple group over C” with a maximal
torus 7" and a Borel subgroup B D T, and let V' be a finite-dimensional representation of H. Let L be a
line bundle on C. We want to equip Bunyf := Map(C,[V./H]) with a stratification. Let Hitchyf :=
Map(C, V. /) H), and let h}# : Bun}f — Hitch}# be the natural map.

For a connected reductive group L and an L-bundle &, the Tannakian description of L-bundles gives the
degree deg(€) € X.(Z(L))g-

Let X € X, (T)zzf For U € Rep(H), we write U*20 for the sum of the weight spaces of non-negative weight
with respect to A, and we define U*>0, UA=0, UA<0 [7A<0 gimilarly. Let Py be the parabolic subgroup of H
with py := Lie(Py) = h*2°, and let Ly be its Levi subgroup containing 7. We have the following diagram:

v2z0  py
Bun,f —2 Bun
=N H

E3N (‘ lq*

VL)\=O
BunLk

Ao
For y € Bunjé , we put deg(y) := deg(qa(y)) € X.(Z(Lx))g C X.(T)q.
Let (—,—) be the bilinear form on X, (T")g induced from the Killing form. For A € X, (T)q, put |A|| =
(A2,
A>0

Let K/C be an algebraically closed field. For y € Bun?ﬁ (K), define

0 if A=0,
pw(y) = 4 (deg(y), \)
[[A]

otherwise.

For x € Bun}£ (K), define
M (z) = sup{u(y) | A € X(T)g, y € py (2)},

A>0

where p; ' (z) denotes the set of y € Bungf ~ (K) with px(y) ~ x. One has M (x) > 0 for every = € Bun}# (K).
If M(x) =0, we say that x is semistable.

A>0

We say that y € Bungf (K) is the Harder—Narasimhan filtration of x = px(y) if M(x) = u(y) = ||\

More generally, for a reductive group L (in our applications, a Levi subgroup of H) for § € X, (Z(L))g,
replacing deg(y) by deg(y) — 0 in the definition of u(y) defines f-semistability.

The following result combines results from [HLH23] and [Sch08].

Proposition 3.7.

A=0 A
(1) For every A € X, (T)(g, the A-semistable points form an open substack Bunz‘; A Bunz‘; with

quasi-compact connected components. In particular, the semistable points form a quasi-compact open

substack Bun}j,"SS C Bunl‘g‘:.

A>0

A=0 A-ss . vy Ve .
). The map py : Bunp:  — Bunyf restricts to a locally closed

(2) Define Bunl‘g’”(A) = qgl(Bung‘;
mmmersion iy : BunI‘;‘l’(}‘) — Bunl‘;‘ on each connected component. These locally closed substacks

form a stratification of Bung‘. More precisely, the numerical invariant p defines a O-stratification
in the sense of [HL22, Theorem A].

(3) The underlying classical stack Bunyf™ of Bunyf™ admits a good moduli space ¢ : Bunyf ™ —
Bun}é"ss’d’coarse in the sense of [Alp13, Definition4.1]. In particular, ¢. preserves coherent sheaves.

(4) The induced map hg‘“d’coarso : BunZL’SS’Cl’COBLrSC — HitchX‘ is proper.

Remark 3.8. Proposition 3.7 is an L-twisted version of the special case of [HLH23, Theorem 1.2] where the
G-scheme X considered in [oc. cit. is a linear representation.

Proof of Proposition 3.7. We only need to check that p defines a ©-stratification. Given this, (1) and (3)
follow from [Sch08, Theorem 2.8.1.2] and the fact that affine GIT quotients are good moduli spaces (see, for

7Evorything works for reductive groups over any field of characteristic zero with mild changes.
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example, [Alp13, Remark 4.8]). (4) follows from [Sch08, Proposition 2.8.1.4]. The description of the strata
using A-semistable loci of the Levi subgroups follows from the same argument as in [HLH23, Proposition 5.10].

To prove that u defines a ©-stratification, we need to check the conditions in [HL22, Theorem A] and we
will freely use the notations in loc. cit.

The condition () follows from that of Buny and the fact that Bun}j{i — Bung is representable and
of finite type. The numerical invariant is defined from a line bundle by [HLH23, Lemma4.8] and hence is
standard and satisfies condition (R) by [HL22, Lemma4.1.15, Lemma4.1.16].

For condition (S), we show that for any discrete valuation ring R/C with fraction field K = Frac(R) and

A>0

residue field x and an R-point zp € Bun}f (R), given the HarderNarasimhan filtration yg € Bungf (K)
A>0

of the generic fiber xk, there exists a filtration y, € Bungf (k) of the special fiber x,, such that

1(ys) = 1Y)
A>0
Moreover, when equality holds, the filtration extends to a filtration yg € Bungf (R). To prove this, we

first consider the case V is trivial. Using the properness of the Drinfeld compactification, we can extend yx
to a point y € Bunp, (R). Then we can take y, to be the saturation of the special fiber y/. € Bunp, (k).
It is clear that this construction satisfies the desired properties. In the general case, since V29 C V is a
closed immersion, the condition on the V-section can be checked on the generic fiber, and hence, the same
construction works. This proves condition (S).

For condition (B), we follow the strategy in the proof of [HLH23, Proposition 4.6]. That is, we show that
for any family £ : S — Bunzﬁ for a quasi-compact scheme S, there exists a quasi-compact open substack

A>0

U C Bunjf such that for any geometric point s € S(K) and a filtration y € Bung ~ (K) of &(s), there exists

/>0
a filtration y’ € Bun?;/ (K) of &(s) with pu(y") > p(y) and (pyosyoga)(y') € U(K). When V is trivial, this
is [HLH23, Proposition 4.6]. In general, we use a small variant of the argument. Indeed, we will choose ¥y’ to

A>
be a coarsening of the filtration y as follows. Take y € Bung‘; - (K) as above. If u(y) < 0, we can simply take
A = 0and y' to be the trivial filtration. So we can assume p(y) > 0. Consider hyperplanes in X, (T")g defined
by the weights of V' and roots of b, and let oy C X.(T)g be the cone containing A. Then for any coweight
x>0
X € 7,\{0}, the filtration y induces a filtration ¢y’ € Bungf/ " (K) where Py C Py and V20 ¢ VA'20, We
choose X' € 7\{0} to maximize u(y’) = (deg(y'), \)/||IN] = (deg(y), \')/||V||. The maximizing property
implies that we can rescale X such that (A — deg(y),\') = (N — deg(y’),\') = 0, where the last equality
holds because deg(y') € X.(Z(Ly/))q is the orthogonal projection of deg(y) € X.(Z(Lx))g to X+ (Z(Lx))g-
This implies |[N|| = (N, A)/||N]| = w(y’). Since S is quasi-compact, there exists a constant C' depending
only on S, such that u(y”) < C for any filtration y” of the underlying H-bundle of £(s) for any s € S(K).
This implies that ||\|| < C. Moreover, since X' is the orthogonal projection of deg(y) on one of finitely
many linear subspaces of X, (T)g (indeed, the finitely many intersections of the hyperplanes introduced
above), we know that there exists an integer N which only depends on H,V such that X € %X* (T).
Therefore, we have N € +-X.(T) N B(0,C), which is a finite set depending only on S; hence we can treat
X as fixed. By [HLH23, Lemma4.10(2)], we only need to show that there exists d € X.(Z(Lx/))g such
that deg(y’) —d € X*(Z(L)\/))a. Denote § = deg(y’) — A'. Since X' is dominant in X,(Z(Ly))g, we only
need to show that there exists a constant C’ (depending only on X, C) such that ||§]] < C’. Since X is
strictly dominant in X.(Z(Ly/))g, there exists a real number r > 0 such that B(X,r) C X.(Z(Ly))%. By
our choice of the constant C, we know that (deg(y’),—) < C||—|| holds on X,(Z(Ly))g. Therefore, we
have (6,—) = (deg(y'),—) — (N, =) < (C + [NID|I=|l < 2C|—| on X«(Z(Lx )it In particular, we have
r||6] = (6, N + rﬁ) < 200N + rﬁ” < 2C(C + r), which implies ||0]] < 2C(C/r +1). We can take
C' =2C(C/r + 1) and conclude the proof. O

3.3. Proof of Lemma 3.5. Consider the map a : Higgsg — Bung. Define
~1/2 ~ ~1/2
.F = a/*[.:H’S/td = (a*OHiggsg) ® £H,S/td'

We use the Harder-Narasimhan stratification of Bung as usual (same as taking V' to be the trivial represen-

tation in Proposition 3.7). Let iy : Bung‘) — Buny be a Harder-Narasimhan stratum. Let i} : Bung‘)’/\ —
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Bung be the formal completion of Bung along Bung‘). We have a Cartesian diagram:

—— Bunp,

J{qss Jq
Bunz’fs —— Buny,
Let X*(T)E’bdd C X*(T)6 be the subset of A € X*(T)a such that A\ < (6g — 6)py. Then we have
Bun®d = UAGX*(T)(Jg,bdd Bung‘). For \ ¢ X*(T)(Eg’bdd, we want to show that F(Bung‘)’A, (i%)'F) = 0. For
this, we only need to show that

A)
F(Bun%), iNF ® Sym(TBung) J Bung [1])) = 0.

Define N = 6g — 6. Since \ ¢ X*(T)g’bdd7 there exists a simple root a of H such that (A, «a) >

N. Choose w € X,(Z(Ly))g via the following rule: Let wi,...,w, be the fundamental coweights of h

ordered according to the Dynkin diagram such that w, (or w,_1,w,) corresponds to the spin node(s). Let

aq,...,q. be the corresponding simple roots. Identifying X, (T) = Z" in the standard way, we have w,_1 =
(1/2,...,1/2,1/2,—-1/2) and w, = (1/2,...,1/2,1/2,1/2) if H is of type D. Let A = (a1, ...,a,_1,a,) with
ay > ... > ay—1 > |a.|. Using the outer symmetry of the Dynkin diagram of type D, we can assume that
a, > 0.

e If H is of type B, or H is of type D and a = a;; # a1, -, then let w = w;.

e If H is of type D and a,_1 — a, > N/3, we take w = w,_1 + @,

e If H is of type D and a,—; — a, < N/3. In this case, one has « = «,; therefore, a,_1 + a, > N,
which implies that a, > N/3. We take w = 2w,

Consider the action of BG,, on Buny, through a multiple of w. We only need to show that qis(i!/\}" ®
Sym(Tg, J Buns [1])) has (strictly) negative weights with respect to this BG,,-action.
H

Note that it admits a filtration with associated graded (up to a cohomological shift)
Sym(I'(C, huniv ® Q)™ ® T'(C, Stduniy @Q2c)* & L(Cony 05 ) [1] & T(C, 0y univ) " [—1]) L,}}S(fd ® ,C: =
My
It remains to show that

Sym(I(C,h7Z50 @ Qc)* @ T(C, Stdi ©00)") @ Ly @ L]
, 03
has strictly negative weights.
By our choice of w, over Bunz’fs, every fiber of h7<Y ® Q¢ has slopes less than —N/3 + (29 — 2) = 0 and
every fiber of StdZ5Y ®Q¢ has slopes less than —N/3 + (2g — 2) = 0. Therefore, the complex above equals
Sym(HY(C,hZ50 @ Qc)*[1] @ HY(C, StdEsl @Qc) (1)) @ L' © £}

univ univ Ly} .
Note that

max Wt (Sym(H' (C, 750 @ Qo) [1]) @ L7 ) = Wt (Lryny ) — Whe (£

univ La,ny

) <0

Lk,n;
and
max whe (Sym(H' (C, Sty @00)"[1]) ® Ly i) = (Weo (L, sea=>0) = Wheo (L, spa=<0))/2 < 0,

where we use wt, to denote the weight with respect to the BG,,-action and max wt, for the maximal weight.
This concludes the proof.

3.4. Proof of Lemma 3.3. Under the identification Higgsgf = Bun?fc where b/ = b & Std, we can use

’ , )\ !
the Harder—Narasimhan stratification of Bun?fc as in Proposition 3.7. Let 7, : Bun?{% “ — Buni?c be a
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Harder—Narasimhan stratum. We have a Cartesian diagram:

b (A) a=°
Bunh;Zc _ BunPQC
A

Jqss Jq

I’)/)\:(),A,SS h/k:[)
Bun,’¢ — Bun,©
L L

We proceed as in the proof of Lemma 3.5. We only need to show that for any nonzero A € X*(T)a

bag (N . .—1/2
['(Buny'® 7Z!>\£H,s{td ® Sym(T b V) Mo, [1])) = 0.

Q
Bun / Bun,

=0

IA=
Consider the action of BG,, on Bunztc through a multiple of A\. We only need to show that

AL @Sym(T o o) oy (1))

ho
Bun, © /Bun, ¢

has strictly negative weights with respect to this BG,,-action. This complex has a filtration with associated
graded (up to a cohomological shift)

Sym(F(C’, [n;,univ - (h/univ)A<O ® QC]) D F(C7 [n)\,univ - (h{miv)k>0 ® QC])*) ® ﬁ;[,ls/th ® ﬁ;ivn; ® ;CLth\;O

where both [ny o = (5,:,) " © Q] and [0y univ = (Bini) Y0 © Qc] are placed in degree —1,0. The

univ univ

desired vanishing follows because the maximal weight is

WAL B, 9L, yacn) = (WEA (£, s1a50)—WEA (£, s103<0))/2+ (WEr (L1, ) —WEA (£, o2) < 0.

Lx,n;

This concludes the proof.

4. PERIOD OF DIFFERENTIAL OPERATORS

In this section, we compute the *-period integral of Dyng,x € D-mod(Bung). More precisely, let Ops
be the moduli of G-opers on C' and pop : Ops — Locg be the natural map.® We will prove the following:

Proposition 4.1. There ezists 0 € Opg(C) such that the fiber iy (La(Px))[0r — N _,,,] € Vect lies in
- QC
Vect” and has dimension 209=1 4 “ypere 4 {0} — Locg is the induced inclusion.

We prove Proposition 4.1 by passing to the classical limit, where the corresponding statement is Corollary
3.6.

4.1. Filtered D-modules. We first recall the theory of filtered D-modules on smooth algebraic stacks
following [FR25, §6.2].

4.1.1. Hodge stack. For a smooth algebraic stack Y, there is a Hodge stack Yp ar — [A}I/Gm]. Its fiber over
h=11is Yqr, and its fiber over h =0 is IEByT,;\. The category of filtered D-modules is defined by

D-modx(Y) := IndCoh(Y.ar)-
We have natural maps ji : Yar — Yn,ar and o : ByTé\ — Yn,dr. We have the forgetful functor
oblv := ji : D-modp(Y) = IndCoh(Yp.qr) — D-mod(Y) = IndCoh(Yq4r).
Koszul duality gives IndCoh(ByTy}') = QCoh(T*Y). We have the functor taking associated graded
gr := i¢ : D-mod;(Y) 2 IndCoh(Ypn,ar) — QCoh(T™*Y) = IndCoh(ByT3).

8We use the standard convention for opers as in [Gail5, §10.2] which is different from the one used in [BD91] when G is not
of adjoint type.
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4.1.2. Functoriality. Given a morphism between smooth algebraic stacks f : Y — Z, we have the induced
correspondence on cotangent stacks

T*2 xz Y —1s T*2
[
Y
We use
far «,ren : D-mod(Y) — D-mod(Z)
to denote the renormalized direct image functor defined by continuously extending the functor
far.« : D-mod(Y) — D-mod(Z)
on compact objects. The functors
fir : D-mod(Z) — D-mod(Y)
and
FaRwren : D-mod(Y) — D-mod(2)

admit natural filtered enhancements, for which we use the same notation. By [FR25, (6.2.1)], one has
commutative diagrams of functors:

fin

D-mod;(Z) —~ D-modp(Y)

I I

QCoh(T* 2" E 0 Con(Ty)

D-mody (Y) 55 D-mody (2)

I I

QCoh(T*Y) -2 con(T*2)

4.1.3. Filtration on differential operators. Let Y be a smooth algebraic stack. There is a natural map
qy.n Y % [A}/Gp] = Ypar. This induces an adjoint pair
indy := (gy,n)« : IndCoh(Y x [A}/G,,]) = D-mody(Y) : oblv}, := (qy.n)".
In particular, we have the filtered D-module Dy y = indj (wyx (a1 /c,,)) € D-mods(Y) satisfying
oblv(Dyy) = Dy € D-mod(Y)
and
gr(Dny) = mjwy

where my : T*Y — Y is the projection. More generally, for any line bundle £ € Pic(Y), one can define the
category of twisted filtered D-modules D-mody, £(Y) and the object Dy y o € D-mody, £(Y) via the standard
twisting construction. Using the canonical equivalence D-mody, £(Y) = D-mody(Y), we have

Oblv(Dmy,L) =Dy, € D—modg(y)

and

gr(Dh%C) =~ 7T1:; (Wy ® Eil).
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4.2. Quantization of the Hitchin system. In this section, we review the result of [BD91] needed for the
computation.
The following proposition follows from [ABC*24a, Theorem 18.5.2].7

Proposition 4.2. There is an isomorphism Lg(Dpung ) = (Pop)«Oops 0N, ,] € IndCohniyp (Locs).
e

In particular, there is a natural map
O(OpG) — End(DBunG,n)-
Recall that we have the Hitchin map h¢ : Higgs; — Hitchg. The main result of [BD91] says that O(Opg) —
End(DBung,x) is a quantization of the map

O(Hltchg) — End((ﬁ 1/2 ® WBunc)|H1gg§G)

induced by hg.

More precisely, let Opg , be the moduli of f-opers for G (replacing connections by fi-connections), which
is a family over [A}/G,,], whose fiber at i = 0 is Hitche and the fiber at 1 = 1 is Opgs. Let Dp pung,x €
D-mody (Bung) be the natural filtered D-module on Bung, whose fiber at A = 0 is (L’E;)lg/2 ® WBung )| Higgsg €
QCoh(Higgs) and the fiber at i = 1 is Dpyny,» € D-mod(Bung). The following is a reformulation of the
main result of [BD91].

Proposition 4.3. There is a natural map of algebra objects O(Opg ;) — Endqcon(al/e,,)) (PhBung.x),
whose fibers at h =0 and h =1 are the maps considered above. /

4.3. Computation of the period of differential operators. In this section, we compute the *-period
integral of Dpun,» € D-mod(Bung). More precisely, we will prove the following result.

Proposition 4.4. The object Hom(Px,Dpung k) € Modo(op,) admits an increasing filtration that is

bounded below such that the associated graded is isomorphic to F(nggs]\G/[ bdd EHls/tzd)[ég] € ModoHitchg) -

Proof. We start with the following lemma. Recall jeusp : Bung™ — Bung defined in (2.1).
Lemma 4.5. The object Dpung,« € D-mod(Bung) is cuspidal. In particular, one has

DBunG e~ (jcusp)*])BunC“Sp K

irr

Proof. Since the map pop, : Opg — Locg factors through Locgs C Locg, the statement follows from [FR25,
Corollary 11.2.2.3]. O

Recall jpaq : BunHdd — Bung defined in (3.1). The restriction of 7x : Bung — Bung induces a map
7544 Bunh? — Bung which satisfies 75" (Bunfy™?) € Bunp®. By Lemma 4.5, we have
Hom(Px, Dpung.x)
=Tar(Bung, ™y Diung.x) (4.1)
=Lar(Bunzi, (7%'Y) Dung, )
We note the following lemma.

Lemma 4.6. We have FdR,ren(Bunlﬁdd, (ﬂ‘)}dd) DBung k) = FdR(Bunbdd,( bdd) DBung,x)-

Proof. We note the following general fact: Let Y be a smooth QCA stack. Then QCoh(Y) is compactly
generated and T'(Y, —) : QCoh(Y) — Vect is continuous. Therefore, we have

Carren(Y, —) oind' 2 T(Y, - @ wy) = Tar (Y, —) oind" .
Since Bunbdd is QCA, we only need to show that

(75 D yng . € ind (QCoh(Bunbi?)) ¢ D-mod(Bunbi?).

IWe ignore some line twists in [ABC*24a, Theorem 18.5.2] which are not relevant for our purpose.
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Let foaqa : Bunbdd — Bung be the natural map. We have

( bdd) DBunG K

(k) ind! (£51/?)
~indl(£l2 1/ p—1/2
= ind' (L3, [punssa) @' faa ind' (L3 50)
~ind (L}, ‘1/ 0| Bunbaa @ oblv! flq ind! (L7%0))
This concludes the proof. O
By the discussion in §4.1.2, we obtain the natural increasing filtration on FdR,ren(Bun%dd, (7Y Diung .k )-
By (4.1) and Lemma 4.6, we obtain the natural increasing filtration on Hom(Px,Dpung,«) compatible with

the filtration on O(Opg). The filtration is bounded below by construction. Consider the diagram of cotangent
stacks

PT(bdd
nggsg bdd 7+ Bung X Bung Bunipd —*= T* Bung
| o
bdd Dpx * bdd
Bunz © ————— T™ Bunj;

J{PPX

*

where the square is Cartesian and px Bun 4 % is the map to a point. By the discussion in §4.1.2 and
§4.1.3, we have an isomorphism

gI‘(I{OHl(,PX,DBunG7 ))
=T (Bun, (Dpx )* (Dr3d), (Prid) (L5 © whung))
~T(Hi ggsgfbdd Lg 1/2

T (Higgspy " c,?éfd)[ u]

& wBunbdd)

which is compatible with the O(Hitchg)-module structure by Proposition 4.3. This concludes the proof.
|

Remark 4.7. Our proof of Proposition 4.4 can be compared with the proof of [FR25, Theorem 6.1.2.1] for
the Whittaker period. Both proofs pass to the classical limit, but the technical challenges are different. In
our setting, the filtration is automatically bounded below, unlike in [FR25], where the microlocal geometry
is non-polarized. On the other hand, we need to replace Bunyg with a quasi-compact stack Bun]}){dd and
establish Lemma 4.6 to ensure the exhaustiveness of the filtration, whereas exhaustiveness is automatic in
[FR25]. Moreover, the classical limit is considerably more complicated in our setting. Indeed, the relative
Hitchin fibration is much more involved than in the Whittaker case, where the corresponding Higgsg is the
Kostant section. This leads to the additional calculations in §3.

4.4. Proof of Proposition 4.1. The following lemma is standard:
Lemma 4.8. Let A € Alg(QCoh([A}/G,,])) be a filtered algebra, and let M € Mod 4 be a filtered A-module.
Assume that:

(1) The filtrations on A and M are increasing and bounded below.
(2) A/hA € Vect®.
(3) The associated graded M/hM € Mod 4 pa is perfect.

Then M is perfect as an A-module.

Proof. Note that A/hA € Vect” implies that H?(A)/hH'(A) = 0 for i # 0, which implies that H'(A) =
0 for i # 0. Therefore, we have A € Vect”. Assume M/hM has Tor amplitude [a,b]. By the same
argument we know that M & Mod%b. Take a finitely generated projective module P € Mod?1 JhA and a map
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P[—b] = M/RM inducing P — H®(M/hM) (when a = b, we simply take P = (M/hM)[b]). We can find a
finitely generated projective module P € Modz and a lift P[—-b] — M. Then Cone(P[—b] — M)/ has Tor
amplitude [a,b — 1]. Tterating this process shows that M is perfect. O

By Lemma 4.8 and Corollary 3.6, we know that Hom(Px,Dpung,x) € Modo(op,) 1s perfect. Moreover,
there exists o € Opg(C) such that 3% (Hom(Px, Deung.x))[—0x] € Vect” and has dimension 2(9~1) dim(A),
We have

Hom(Px, DBung x) = Hom (L (Px), (Pop)«Oop (0N, . ]) = (PopLa(Px)) [0n,,,.] € QCoh(Opg)
c c

where (p,La(Px))Y is the linear dual of p¢ Lg(Px) € QCoh(Opg) which is well-defined by Lemma 2.2.
This implies that

it (La(Px)or — On_, ] = i5 (Hom(Px, Dpung «))* 0] € Vect”
C
and has dimension 2(9=1 dim()  This concludes the proof of Proposition 4.1.
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