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Abstract. We define and study higher analogues of Rankin–Selberg integrals for GLn−1 \GLn×GLn−1

over function fields and relate the integral values to higher derivatives of unramified Rankin–Selberg L-

functions. Our method reveals some relation between special cycle classes over function fields and the
geometric conjectures in [BZSV24] and can be regarded as a first step towards a generalization of the higher

Gross–Zagier formula of [YZ17] for higher-dimensional spherical varieties.
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1. Introduction

In [YZ17][YZ19], a higher Gross–Zagier formula is proved, which for certain types of cuspidal automorphic
representations π of PGL2 over the function field K(C) for some curve C over Fq, it relates the self-
intersection numbers of the π-isotypic part of the Heegner-Drinfeld cycles on the moduli of PGL2-Shtukas
with r-legs to the r-th derivative of the L-functions L(π, s) at the central point s = 1/2. This formula can
be regarded as a function field analog of the classical Gross–Zagier formula [GZ86] over the number field.

When one tries to generalize the work of [YZ17] to a general reductive group G, there are several problems
to be addressed:

(1) What is a special cycle?
(2) What is the π-isotypic part of the cycle class of the special cycle?
(3) Why does the self-intersection make sense for the π-isotypic part of the special cycle class?
(4) What should the self-intersection number be related to?

Throughout the article, we always assume we are in the everywhere unramified setting. We attempt to
provide partial answers to the questions above in this context.

We give a partial answer to the first question using the Plancherel algebra introduced in [BZSV24, §8]
and a variant of the automorphic Θ-series introduced in [BZSV24, §15,§16]. By partial, we mean that we are
only able to produce cohomology classes rather than Chow cycles, and our construction only works in the
polarized setting (i.e., does not involve Weil representations). Roughly speaking, given an affine smooth G-
variety X, one has the non-commutative Plancherel algebra PLX,ℏ which is an algebra object in Rep(Ǧ), and
whose definition will be recalled in (4.24). We propose the following construction of special cycle classes: For
a Ǧ-representation V , one starts from a local special cohomological correspondence clV ∈ HomǦ(V,PLX,ℏ⟨d⟩)
(⟨•⟩ means shift, Tate twist, and change parity). Applying a local-to-global construction, one arrives at
a self cohomological correspondence cV of the period sheaf PX (defined in §4.3.4) which we call a special
cohomological correspondence, whose Frobenius trace will be an element zV ∈ HBM

• (ShtG,{1}, ICV ) which
is an intersection Borel-Moore homology class on the moduli of G-Shtukas with one leg of modification
type V (generalization to more than one legs is straightforward and one gets zV I ∈ HBM

• (ShtG,I , ICV I ) for
1
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V I ∈ Rep(ǦI) for a finite set I). The homology classes constructed in this way are what we call special cycle
classes. This construction will be introduced in §4.4.

The second and third questions are more serious: In general, the special cycle classes do not have compact
support. However, one can try to bypass the compactness issue as follows: Suppose the special cycle class we
considered before is of middle-dimension, which means zV I ∈ HBM

mid (ShtG,I , ICV I ) ∼= Hmid
c (ShtG,I , ICV I )∗.

For each finite-dimensional subspace W ⊂ Hmid
c (ShtG,I , ICV I ), we get an element zV I |W ∈ W ∗. Sup-

pose we have finite-dimensional subspaces W1,W2 ⊂ Hmid
c (ShtG,I , ICV I ) on which the intersection pairing

on Hmid
c (ShtG,I , ICV I ) restricts to a non-degenerate bilinear form ωW1,W2

: W1 ⊗ W2 → k. By taking
the dual, we get a non-degenerate bilinear form ωW∗

1 ,W∗
2

: W ∗1 ⊗ W ∗2 → k. Therefore, we get a number

ωW∗
1 ,W∗

2
(zV I |W1

, zV I |W2
). By taking W1,W2 to be some isotypic subspaces of Hmid

c (ShtG,I , ICV I ), one ar-
rives at a well-defined intersection number of the isotypic part of the special cycle class. This approach is
taken in the companion paper [Wan25] in which the subspaces W1,W2 are constructed via categorical trace.

In this article, we give an alternative partial solution to the second and third questions. The idea origins
from the critical observation in [YZ] that the cohomological π-isotypic part of the Heegner–Drinfeld cycles
have some simple but rigid structures of what they call Kolyvagin systems, which we briefly explain here: It
has been folklore for a long time and recently being proved by [AGK+22c][GR25] that the π-isotypic part
(more precisely, σ-isotypic part where σ is the Langlands parameter of π) of H•c (ShtG,I , ICV I ) should be

H•(CI , V I
σ ) (which is M⊗I where M = H•(C, Vσ) if V

I = V ⊠I for some V ∈ Rep(Ǧ)) when σ is a discrete

point in LocarithǦ (the moduli of Weil Ǧ-local systems on C). In [YZ], they define the π-isotypic part of the
Heegner–Drinfeld cycles {zπ,Stdr}r∈Z≥0

and show that they are characterized up to a scalar by some purely

elementary properties as a sequence of elements in {M⊗r}r∈Z≥0
(called a Kolyvagin system, see §3.3.2).

Moreover, they expect many interesting special cycles to have the structure of Kolyvagin systems. This
motivates an abstract study of Kolyvagin systems, independent of actual special cycle classes.

In this article, instead of constructing the actual σ-isotypic part of zV I , for each (Weil) Hecke eigensheaf
Lσ of σ, we directly write down some elements zLσ,V I ∈ H•(CI , V I

σ ) given some finiteness assumptions.

These elements zLσ,V I ∈ H•(CI , V I
σ ) are what we call the (fake) σ-isotypic part of the special cycle classes

zV I (fake special cycle classes for short). The construction of these elements are motivated by the description
of Γc(ShtG,I , ICV I ) as the trace of a composition of Hecke operators and the Frobenius endomorphism on
ShvNilp(BunG) given in [AGK+22a]. Our elements zLσ,V I ∈ H•(CI , V I

σ ) admit a similar description, which
will be given in §6. Moreover, we show that these fake special cycle classes will form a Kolyvagin system in
many cases, which further suggests that the “fake” elements are not as fake as their name. In the companion
paper [Wan25], we will show that these fake special cycle classes are exactly the σ-isotypic part of special
cycle classes on Shtukas in good situations.

We address the third question similarly. When V I = K⊠I for some symplectic representationK ∈ Rep(Ǧ),
instead of considering the intersection pairing on H•c (ShtG,I , ICK⊠I ), we consider the natural paring ωI on

H•(CI ,K⊠I
σ ) coming from the symplectic pairing on K and cup product. This allows us to talk about the

L2-norm ωI(zLσ,KI , zLσ,KI ) which should be regarded as a “fake” self-intersection number of the π-isotypic
part of zK⊠I . This will also be done in §6. In the companion paper [Wan25], we will relate these “fake”
pairings to intersection pairings on cohomology of Shtukas.

Now we come to the last question. An important observation of [YZ] is that the structure of being
a Kolyvagin system already implies that the L2-norms of the elements are proportional to higher central
derivatives of L-functions. We take this as a starting point, and partially answer the last question by
proposing conditions for the fake special cycle classes to form a Kolyvagin system. As a result, we propose
conditions on the local special cohomological correspondences clV (Assumption 4.43, Assumption 5.4, and
Assumption 5.5), some global assumption on the period sheaf (Assumption 6.14), some technical assumptions
(Assumption 4.46), and prove that under these conditions and assumptions, the number ωI(zLσ,KI , zLσ,KI )
equals to the |I|-th derivative of the L-function L(Kσ, s) at the central point s = 1/2 up to some controllable
constants. The precise statement is Theorem 6.16.

The constructions and results mentioned above depend on various assumptions and conjectures. Some
of them are of a technical nature and we hope to remove them in the future, while others are expected to
be essential. Due to the complexity of the dependent relations between constructions and assumptions, we
do not spell them out here and leave them to the central part of the article §4, §5, and §6. Fortunately, in
the case G = GLn×GLn−1 and X = GLn, for some natural special cohomological correspondences, all the
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assumptions and conjectures needed above are known.

1.1. Main result. We are now going to state the main result whenG = GLn×GLn−1, H = GLn−1 andX =
H\G = GLn regarded as a right G-variety. Here, H = GLn−1 diagonally embeds into G = GLn×GLn−1.

1.1.1. Outline. The route we obtain a formula for higher derivatives of L-functions can be summarized as
following: For the Langlands parameter σ that one cares about, we choose a “test vector for the corresponding
automorphic representation”, which is a Hecke eigensheaf Lσ ∈ Shv(BunG) with eigenvalue σ. Then we
consider the most naive geometric enhancement (which we call the geometric period integral) of the Hecke
eigensheaf, which we denote by

∫
X
Lσ ∈ Vect. This is a geometric enhancement of the period integral of the

test vector (which is a Hecke eigenform). After that, we study certain “Hecke operators” on
∫
X
Lσ. More

precisely, ignoring parity issue, there exists an vector space M equipped with a non-degenerate symmetric
bilinear form ω, such that

∫
X
Lσ carries a natural Cl(M,ω)-module structure, which makes

∫
X
Lσ the unique

irreducible representation of Cl(M,ω) (known as the Clifford module of the Clifford algebra Cl(M,ω)).
Finally, we construct from this Cl(M,ω)-module structure on

∫
X
Lσ a sequence of elements zLσ,r ∈ M∗⊗r

for r ∈ Z≥0, such that ω⊗r(zLσ,r, zLσ,r) is related to the r-th derivative of certain L-functions of σ.
Now, we briefly introduce the ingredients above.

1.1.2. Geometric period. In this article, we by default work with super vector spaces (see §2.4 for conventions)
and étale sheaf theory (see §4.1 for a detailed setup). We take k = Qℓ to be the coefficient field for étale
sheaves. Consider the map

π : BunH → BunG

defined by

π(E) = (E ⊕ O, E) ∈ BunGLn×GLn−1

for E ∈ BunGLn−1 . Here O ∈ Pic(C) is the trivial line bundle on C. The geometric analogue of the period
integral is the functor ∫

X

: Shv(BunG)→ Vect

defined by ∫
X

F := Γc ◦ π∗F .

1.1.3. Hecke eigensheaf. For each irreducible local system σn of rank n over the curve CFq
, there is a Hecke

eigensheaf LFGV
σn

∈ Shv(BunGLn
) with eigenvalue σn constructed in [FGV02].1 Moreover, when σn is equipped

with a Weil sheaf structure (i.e., an isomorphism Frob∗ σn
∼→ σn), the Hecke eigensheaf LFGV

σn
is also equipped

with an induced Weil sheaf structure.
To study the geometric Rankin–Selberg convolution, we choose σn, σn−1 to be (geometrically) irreducible

Weil local systems as above of rank n, n−1, and consider σ := (σn, σn−1) regarded as a Weil Ǧ-local system.
In turn, we get a Hecke eigensheaf LFGV

σ := LFGV
σn

⊠ LFGV
σn−1

∈ Shv(BunG).

1.1.4. Geometric result. Our first goal is to study the geometric period integral
∫
X
Lσ ∈ Vect. A significant

insight of [BZSV24] (see also [KO24]) is that this is not only a plain vector space: It should be canonically
equipped with a structure of a Clifford module over a certain Clifford algebra. We will justify this expectation
in our specific case.

Consider K = T ∗(Stdn ⊠ Stdn−1) ∈ Rep(Ǧ) and M = Γ(C,Kσ)⟨1⟩ (⟨1⟩ = Π[1](1/2) means shift by one,
Tate twist by one-half, and change the parity). We use ω : M⊗2 → k to denote the natural symplectic
bilinear forms on M induced by cup product the natural symplectic pairing on K.

Theorem 1.1 (Theorem 7.8). There is a natural map M → EndVect(
∫
X
LFGV
σ ) inducing an isomorphism

of algebras

a : Cl(M)
∼→ EndVect(

∫
X

LFGV
σ )

where Cl(M) is the Clifford algebra of (M,ω).

1Our normalization is slightly different from [FGV02], see Proposition 7.4.
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Here, the map M → EndVect(
∫
X
LFGV
σ ) comes from a particular Hecke action on the geometric isotypic

period integral
∫
X
LFGV
σ . Its construction will be given in §6.2.

1.1.5. Arithmetic result. Our next goal is to construct from the geometric period formula Theorem 1.1 a
“higher period formula” for higher derivatives of the L-function L(Kσ, s) := L(σn ⊗ σn−1, s)L(σ∗n ⊗ σ∗n−1, s)
at the central point.

We first construct the fake special cycle classes {zLFGV
σ ,r ∈ M∗⊗r}r∈Z≥0

. Use F to denote Frobenius

automorphism of
∫
X
LFGV
σ . For every r ∈ Z≥0, consider

zLFGV
σ ,r ∈M∗⊗r (1.1)

defined via

zLFGV
σ ,r(m1 ⊗ · · · ⊗mr) = tr(a(m1) ◦ · · · ◦ a(mr) ◦ F )

for m1, . . . ,mr ∈M . The main result of this article is the following:

Theorem 1.2 (Theorem 7.11). We have the identity

ωr(zLFGV
σ ,r, zLFGV

σ ,r) = βσ(ln q)
−r

(
d

ds

)r ∣∣∣
s=0

(q2n(n−1)(g−1)sL(σn⊗σn−1, s+1/2)L(σ∗n⊗σ∗n−1, s+1/2)) (1.2)

where the bilinear forms ωr : (M⊗∗r)⊗2 → k are induced from ω, and

βσ = (−1)r/2q−n
2(g−1)χ−ndetσn−1

(Ω)χ−n+1
detσn

(Ω)ϵ(σn ⊗ σn−1).

Here, χdetσn−1
, χdetσn

: Pic(Fq)→ k× are the Hecke characters correspond to detσn−1,detσn via class field
theory, Ω ∈ Pic(Fq) is the canonical line bundle on C, and ϵ(σn⊗σn−1) = det(Frob, H1(C, σn⊗σn−1)(1/2))
is the root number.

We leave a more precise formulation of the results above to §7.

Remark 1.3. Theorem 1.2 is sensitive to the Weil structures on LFGV
σn

and LFGV
σn−1

, the symplectic pairing

on K, and the map M → EndVect(
∫
X
LFGV
σ ). All these choices are fixed to be the natural ones. One should

regard choosing the Hecke eigensheaf Lσ as the geometric analogue of choosing a test vector in any classical
period formula, and regard the specific choice LFGV

σ as some Whittaker normalized test vector.

Remark 1.4. Theorem 1.2 can be regarded as a higher-dimensional analog of the main theorem of [YZ17].2

It is a consequence of the geometric result Theorem 1.1 via the machinery which we are going to introduce
in §3.

1.2. Outline of the proof. Now we are going to outline the proof of Theorem 1.1 and Theorem 1.2. Many
of the ingredients below work for any split reductive group G and an affine smooth G-variety X. As we
proceed, more and more restrictions will be imposed on G and X, leading to increasingly concrete results.
Our approach is entirely different from the relative trace formula approach in [YZ17][YZ19]. In our argument,
no relative trace formula or comparison between different automorphic sides will be used. Instead, we directly
compute both sides of (1.2) and prove the identity.

The proof can be roughly divided into five steps, corresponding to the five sections §3, §4, §5, §6, §7,
which we summarize in the following.

1.2.1. Linear algebra: Kolyvagin systems. The first step is to introduce a general framework producing
formulas like (1.2). Roughly speaking, given a Clifford algebra Cl(M) together with a finite-dimensional
module T ∈ Mod(Cl(M)), such that all these objects carry compatible automorphisms F (taken to be the
Frobenius in application), one can construct a sequence of elements {zr ∈ M∗⊗r}r∈Z as in (1.1), and get
a formula similar to (1.2). This will be discussed in §3. The sequence of elements {zr ∈ M∗⊗r}r∈Z is the
Kolyvagin system over function fields, first occurring in the work [YZ]. It enjoys some properties similar to
the Kolyvagin system over the number field [MR04]. For example, its first non-vanishing index r will be
related to the rank of the Selmer group (see Proposition 3.23).

2More precisely, our theorem is an analog of [Che21], which is a variant of [YZ17] using the split torus rather than non-split

torus in PGL2.
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The most important result in this part is Theorem 3.27, which says that the L2-norm of zr is related to
the r-th derivative of some L-function like quantity (which is the L-function of a Weil local system over the
curve C if M is taken to be the cohomology of the local system equipped with its Frobenius action).

After the first step, all we are left to do is to construct an action of Cl(M) on
∫
X
Lσ and understand∫

X
Lσ as a Cl(M)-module equipped with compatible automorphisms F . Ignoring the automorphism F , this

is precisely the content of Theorem 1.1.

1.2.2. Commutator relations on cohomological correspondences. This is the first part towards a construction
of the action of Cl(M) on

∫
X
Lσ. Roughly speaking, the action will come from some special cohomological

correspondences cV on the period sheaf PX . In this part, we will introduce a local-to-global procedure and
reduce the construction of cV to the construction of some local special cohomological correspondences clV .
This local-to-global procedure is in §4.4.

Furthermore, when we have local special cohomological correspondences clV , c
l
W , clV⊗W satisfying the

commutator relation

clV ◦ clW − clW ◦ clV = ℏ · clV⊗W (1.3)

where the composition product comes from the algebra structure on the (non-commutative) Plancherel
algebra PLX,ℏ, there will be a conjecturally induced relation between the global special cohomological cor-
respondences cV ◦ cW , cW ◦ cV , and cV⊗W as self correspondences on the period sheaf PX . This is what
we call the commutator relations on special cohomological correspondences, whose precise form is stated in
Conjecture 4.45.

This local-to-global procedure is the main subject of §4. The most important result in this part is
Theorem 4.47, which proves Conjecture 4.45 under some technical assumptions (Assumption 4.46).

1.2.3. Automorphic Clifford relations. This is the second part towards a construction of the action of Cl(M)
on

∫
X
Lσ. We are going to construct the local special cohomological correspondences clV , c

l
W , clV⊗W , and

prove that they satisfy the commutator relation (1.3). In the case we care about, we always have V,W are
minuscule representations of Ǧ, and the cohomological correspondence clV⊗W is induced from a bilinear form
V ⊗W → triv. This is what we call the Poisson-pure case (see Assumption 5.5, Assumption 5.4 for the
precise meaning). In this case, we will construct clV , c

l
W via (derived) fundamental class in §5.1, and the

elements cV , cW , cV⊗W will become some concrete global cohomological correspondences constructed via
fundamental classes rather than some abstract elements constructed via local-to-global procedure. In this
case, the commutator relation becomes what we call the automorphic Clifford relations. This is the main
subject of §5.

1.2.4. Higher period integrals and derivatives of L-functions. This is the third (final) part towards a con-
struction of the action of Cl(M) on

∫
X
Lσ. We combine the results above and get an action of Cl(M) on∫

X
Lσ. This is the main subject of §6.
The most important result in this part is Theorem 6.16, which is a primitive form of Theorem 1.2 but

works for general G and X satisfying good properties. We refer to loc.cit for the precise statement.
After this step, all we are left to check towards a proof of Theorem 1.1 and Theorem 1.2 is that the

assumptions made above actually hold in the case G = GLn×GLn−1 and X = GLn. These assumptions
include the local commutator relation (1.3), and an explicit computation of

∫
X
LFGV
σ .

1.2.5. Example: higher Rankin–Selberg convolutions. Finally, we apply the whole machinery developed above
to the example G = GLn×GLn−1 and X = GLn. In §7.1, we check the necessary ingredients needed for the
local cohomological correspondences, which are essentially a straightforward application of the main result of
[BFGT21]. In §7.2, we compute the complex

∫
X
LFGV
σ explicitly, which is a straightforward application of the

main result of [Lys99]. Combining all the ingredients, we finish the proof of Theorem 1.1 and Theorem 1.2.
These are the main subjects of §7. The main result in the part is Theorem 7.11.
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2. Notations and conventions

In this section, we summarize the notations and conventions used throughout the article.

2.1. General. For each n ∈ Z≥1, define [n] = {1, 2, . . . , n}. We use Sn to denote the symmetric group of
the set [n].

2.2. Categories. By a category, we mean an (∞, 1)-category. For a category C , we use C ω to denote its
full subcategory of compact objects. For a stable ∞-category (or a triangulated category) with t-structure,
we use C♡ to denote its heart. We use C>−∞ to denote the full subcategory of objects bounded on the left.

We use CatIdemk to denote the ∞-category of small idempotent complete k-linear categories. We use
LinCatk to denote the ∞-category of presentable k-linear categories with continuous morphisms (i.e., mor-
phisms preserving colimit).

2.3. Algebraic geometry. In this article, we by default work with schemes/(étale) stacks over Fq on the
automorphic side, and algebraic stacks over k = Qℓ or a sufficiently large finite extension of Qℓ on the
spectral side. To X a stack over Fq, we will attach in §4.1 a category of (ind-constructible) étale sheaves
on XFq

which we denote by Shv(XFq
) or sometimes we write it as Shv(X). For F ,G ∈ Shv(X), we write

Hom(F ,G) := HomShv(X)(F ,G).

2.4. Super linear algebra. In this paper, we use k to denote a sufficiently large field with char(k) = 0,
which is usually taken to be Qℓ (or a finite extension of Qℓ) for l ̸= p. In this section, we introduce our
conventions on super vector spaces. Although these conventions are standard, the sign involved can be
subtle, so we fix the sign rule here.

We use Vect to denote the rigid symmetric monoidal stable ∞-category of (complexes of) super vector

spaces over k, and any linear category would be linear over Vect. We use sw : V ⊗W ∼→W ⊗V to denote the
commutative constraint of Vect. We use Vect0 ⊂ Vect to denote the full subcategory of even vector spaces.
Regarding Vect as Z/2Z-graded objects in Vect0, we get a natural forgetful functor oblv : Vect → Vect0.
There is another functor (•)0 : Vect → Vect0 defined as taking the even part. Moreover, the category Vect
is equipped with an endomorphism Π : Vect → Vect given by reversing the parity, which gives rise to a
symmetric monoidal endomorphism ⟨1⟩ = Π[1] : Vect → Vect. We obtain another functor (•)1 = (•)0 ◦ Π :
Vect→ Vect0 that takes the odd part of a super vector space.

For any linear category C and objects c, d ∈ C , we use HomC (c, d) ∈ Vect to denote the Hom space
enriched over Vect. We write Hom0

C (c, d) := H0(HomC (c, d)) ∈ Vect. We often drop C if C is clear from
the context.

The subcategory of compact objects Vectω consists of bounded complexes of finite-dimensional super
vector spaces and hence, coincides with dualizable objects in Vect. For each V ∈ Vectω, its (right) dual is
denoted by V ∗. There are natural unit and counit maps

ev : V ⊗ V ∗ → k

coev : k → V ∗ ⊗ V.
For every morphism f : V →W between V,W ∈ Vectω, the dual homomorphism f∗ :W ∗ → V ∗ is defined

as

f∗ :W ∗
coevV ⊗id−−−−−−→ V ∗ ⊗ V ⊗W ∗ id⊗f⊗id−−−−−→ V ∗ ⊗W ⊗W ∗ id⊗evW−−−−−→ V ∗.

Note that we have
W ∗ ⊗ V ∗ ∼→ (V ⊗W )∗

where the unit and counit maps are given by

evV⊗W : (V ⊗W )⊗ (W ∗ ⊗ V ∗) id⊗evW ⊗id−−−−−−−−→ V ⊗ V ∗ evV−−→ k

coevV⊗W : k
∼→ k ⊗ k coevW⊗coevV−−−−−−−−−→W ∗ ⊗W ⊗ V ∗ ⊗ V id⊗sw⊗id−−−−−−→ (W ∗ ⊗ V ∗)⊗ (V ⊗W ).

From now on, we restrict our discussion to Vect♡ ⊂ Vect.
For V ∈ Vect♡, an (even) element in V is a linear map k → V , and an odd element in V is a linear map

Πk → V . By an element v ∈ V , we mean an element v ∈ oblv(V ). It is obvious that an even (resp. odd)
element of V is an element of V0 (resp. V1) and hence can be regarded as an element of V . We call an even
or odd element of V a pure element. For each pure element v ∈ V , we define |v| to be its parity, which is
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zero if v is even and one if v is odd. Similarly, one defines (even, odd, pure) coelements as functionals on
oblv(V ).

For any F ∈ End(V ), we use tr(F ) ∈ k to denote the (super)trace

tr(F ) : k
coev−−−→ V ∗ ⊗ V id⊗F−−−→ V ∗ ⊗ V sw−→ V ⊗ V ∗ ev−→ k. (2.1)

In concrete terms, the (super)trace is related to the usual trace of endomorphisms of vector spaces by
tr(F ) = tr(F |V0

)− tr(F |V1
).

For F ∈ Aut(V ), we define the (super)determinant of F (also known as Berezinian in the literature) to
be

det(F ) := det(F |V0) det(F |V1)
−1 ∈ k. (2.2)

By a bilinear form between V,W ∈ Vect♡, we mean an even coelement of V ⊗W . Note that we have a
Sn-action on V ⊗n induced by sw. We use

swi,i+1 ∈ End(V ⊗n) (2.3)

to denote the action of the permutation (i, i + 1) ∈ Sn. The action of Sn on V ⊗n gives a direct sum
decomposition

V ⊗n =
⊕

χ∈Irr(Sn)

(V ⊗n)χ.

We define Symn V := (V ⊗n)triv and
∧n

V := (V ⊗n)sgn. A bilinear form on V is called symplectic (resp.

orthogonal) if it comes from a coelement of
∧2

V (resp. Sym2 V ). For a bilinear form b : V ⊗W → k, we
write b(v, w) = b(v ⊗ w) for v ∈ V and w ∈ W , which are pure elements (get zero if they do not have the
same parity).

For v1, . . . , vn ∈ V , we write

v1v2 · · · vn :=
1

n!

∑
g∈Sn

g(v1 ⊗ v2 ⊗ · · · ⊗ vn) ∈ Symn V ⊂ V ⊗n

and

v1 ∧ v2 ∧ · · · ∧ vn :=
1

n!

∑
g∈Sn

sgn(g)g(v1 ⊗ v2 ⊗ · · · ⊗ vn) ∈ Symn V ⊂ V ⊗n.

Under this convention, the natural quotient map V ⊗n → Symn V is v1⊗· · ·⊗vn 7→ v1 · · · vn, and the natural
quotient map V ⊗n →

∧n
V is v1 ⊗ · · · ⊗ vn 7→ v1 ∧ · · · ∧ vn.

For each n ∈ Z≥0, We have Symn V ∗
∼→ (Symn V )∗ where the evaluation map is given by

evSymn V : Symn V ⊗ Symn V ∗
id⊗n!−−−→ (V ⊗n)⊗ (V ∗⊗n)

∼→ (V ⊗n)⊗ (V ⊗n)∗
evV ⊗n−−−−→ k. (2.4)

There is a similar construction for
∧n

V ∗
∼→ (

∧n
V )∗. One should pay attention to the factor n! here.

For any V ∈ Vect♡, we have a canonical symplectic pairing ωcan on V ⊕ V ∗ defined by

ωcan : (V ⊕ V ∗)⊗ (V ⊕ V ∗)→ V ⊗ V ∗ ⊕ V ∗ ⊗ V ev− ev ◦sw−−−−−−−→ k. (2.5)

We introduce the temporary notation ki := Πik ∈ Vect.
For each pure element v∗ ∈ V ∗, we sometimes identify it with the pure coelement V → k|v∗| which is the

composition

v∗ : V
⊗v∗

−−→ V ⊗Π|v
∗|V ∗

ev−→ k|v∗|.

Conversely, given a pure coelement v∗ : V → k|v∗|, we get an element v∗ ∈ V ∗ via

v∗ : k|v∗|
coev−−−→ V ∗ ⊗Π|v

∗|V
id⊗v∗

−−−−→ V ∗.

It is easy to check that these two operations are inverse to each other.
For a bilinear form which is a linear map b : V ⊗W → k, we sometimes identify it with the linear map

b :W
coev⊗id−−−−−→ V ∗ ⊗ V ⊗W id⊗b−−−→ V ∗. (2.6)

Conversely, suppose we are given a linear map b :W → V ∗, we obtain a bilinear form via

b : V ⊗W id⊗b−−−→ V ⊗ V ∗ ev−→ k.

It is easy to check that these two operations are inverse to each other.
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From a non-degenerate bilinear form b : V ⊗W → k, we can also identify it with an element coevb : k →
W ∗ ⊗ V ∗ by

coevb : k
coevW−−−−→W ∗ ⊗W id⊗b−−−→W ∗ ⊗ V ∗, (2.7)

which is also the dual map of b.
Given two bilinear forms bV : V ⊗2 → k and bW :W⊗2 → k, we get a bilinear form bV⊗W : (V ⊗W )⊗2 → k

via

bV⊗W : (V ⊗W )⊗ (V ⊗W )
id⊗sw⊗id−−−−−−→ V ⊗ V ⊗W ⊗W bV ⊗bW−−−−−→ k ⊗ k ∼→ k. (2.8)

We also get bilinear forms

bSymn V : (Symn V )⊗2 → k (2.9)

and b∧n V : (
∧n

V )⊗2 → k by restricting n! · bV ⊗n to the corresponding subspace. One should pay attention
to the factor n! here.

When V is an odd vector space, in concrete terms, we have

bV ⊗n(v1 · · · vn, v′1 · · · v′n) = (−1)n(n−1)/2bV (v1, v′1) · · · bV (vn, v′n) (2.10)

and

bSymn V (v1 · · · vn, v′1 · · · v′n) =
∑
g∈Sn

(−1)n(n−1)/2 sgn(g)bV (v1, v′g(1)) · · · bV (vn, v
′
g(n)) (2.11)

for v1, · · · , vn, v′1, · · · , v′n ∈ V .
Given a bilinear form b : V ⊗W → k, there is a canonical symplectic form ωcan : (V ⊕W )⊗2 → k defined

by

ωcan(v, w) = b(v, w), ωcan(w, v) = (−1)1+|v||w|b(w, v), ωcan(V, V ) = ωcan(W,W ) = 0, (2.12)

for v ∈ V and w ∈W .

2.5. Lie theory. We use G to denote a connected split reductive group over Fq. We use T ⊂ B to denote the
maximal torus and Borel subgroup. We get a sequence of Lie algebras t ⊂ b ⊂ g. We use X∗(T ), X

∗(T ) to
denote the cocharacter lattice and character lattice, and X∗(T )

+, X∗(T )+ to denote the subset of dominant
elements. We use WG to denote the Weyl group of G. We use ρG ∈ X∗(T ) to denote the half sum of all
positive roots of G.

For each λ ∈ X∗(T ), we use λ+ to denote the unique element in WGλ∩X∗(T )+ and similarly for elements
in X∗(T ). For λ ∈ X∗(T ), we denote dG,λ := ⟨2ρG, λ⟩. We use dλ ∈ t to denote the differential of λ.

We sometimes use H ⊂ G to denote a connected split reductive subgroup. We use TH to denote a maximal
torus of H such that TH ⊂ T . We regard X∗(TH) ⊂ X∗(T ). For each λ ∈ X∗(T ), we always use λ+ to
denote the G-dominant WG-conjugate of λ (rather than the H-dominant conjugate).

We use Ǧ to denote the Langlands dual of G defined over k.
When we talk about representations of G, we always mean right G-modules. When we talk about

representations of Ǧ, we always mean left Ǧ-modules.

2.6. Varieties with group action. We always use X to denote a variety with right G-action. We are
mostly interested in the case that T ∗X is a hyperspherical G-Hamiltonian space. For its complete definition
and properties, we refer to [BZSV24, §3]. We merely summarize some points that we will use in our article.

In this article, we only care about polarized hypersphericalG-varieties on the automorphic side (and denote
it by T ∗X). When we talk about a hyperspherical G-variety T ∗X, we mean an affine smooth G×Ggr-variety
X such that the G×Ggr-variety T

∗X is hyperspherical in the sense of [BZSV24, §3.5.1] (See below for the
Ggr-action on T ∗X). Here Ggr is a copy of Gm and the action of G×Ggr is on the right.

Over an algebraically closed field in characteristic zero, the hypersphericity of T ∗X implies that X is
spherical [BZSV24, Proposition 3.7.4] such that the generic B-stabilizer is connected, and can be written as
X = Y ×H G for some connected reductive subgroup H ⊂ G and an H-representation Y . The requirement
that T ∗X is neutral for T ∗X to be hyperspherical in loc.cit implies that the Ggr-action on X is trivial on
H\G and of weight one on the fibers of X → H\G (i.e scaling action on Y ). Taking this normalization, the
Ggr-action on T ∗X = (T ∗Y ⊕ (g/h)∗)×H G is given by weight one action on T ∗Y and weight two action on
(g/h)∗, trivial on the base H\G. In particular, if X is G-homogeneous, then the Ggr-action on X is trivial.
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When we talk about hyperspherical T ∗X, as in [BZSV24, §3.8], we always assume there exists and fix
a G-eigenmeasure ω on X with eigencharacter η : G → Gm. Such an eigenmeasure is automatically an
eigenmeasure for G×Ggr such that

(g, λ)∗ω = η(g)λγXω (2.13)

for g ∈ G and λ ∈ Ggr. Here γX ∈ Z is an invariant of the variety X (independent of ω) and one can easily
computes that

γX = dim(Y ). (2.14)

We define

βX := dim(G) + γX − dim(X) = dim(H). (2.15)

2.7. Hyperspherical duality. When T ∗X is hyperspherical, we use M̌ to denote the dual Ǧ-hyperspherical
variety for T ∗X constructed in [BZSV24, §3]. We use ǦX to denote the dual group of X. Let P (X) be
the stabilizer of the open B-orbit in X. We say T ∗X is strongly tempered if M̌ is a Ǧ-linear representation
(or equivalently, the dual group ǦX = Ǧ and P (X) = B). We say that T ∗X is tempered if M̌ is of the

form M̌ = (S ⊕ (ǧ/ǧX)∗) ×ǦX Ǧ (or equivalently, the parabolic P (X) = B) where S is a symplectic linear
ǦX -representation with weight one Ggr-action.

2.8. Intersection complex. On a variety X, we use ICX to denote its intersection complex, which is
normalized in the following way: For a smooth variety X, we have ICX := kX⟨dim(X)⟩. That is to say: the
complex ICX is perverse and has the same parity as dim(X) and is pure of weight zero whenever weight
makes sense.

2.9. Super geometric Langlands. To normalize the (super) Geometric Langlands equivalence

ShvNilp(BunG) ∼= IndCohNilp(Loc
res
Ǧ ), (2.16)

we fix

Ω1/2 ∈ Pic(C) (2.17)

and an isomorphism (Ω1/2)⊗2
∼→ Ω. We also need to fix ψ : Fq → k×, which gives us an Artin-Schreier sheaf

AS ∈ Shv(A1) (2.18)

lying in (naive) cohomological degree 0 and corresponds to ψ under the sheaf-function correspondence.
We define the normalized Whittaker sheaf Pnorm

Whit as follows. Consider diagram

BunN,ρ̌(Ω) A1

BunG

q

π (2.19)

where BunN,ρ̌(Ω) is defined via the Cartesian diagram

BunN,ρ̌(Ω) BunB

pt BunT .
ρ̌(Ω)

⌟ (2.20)

We define

Pnorm
Whit := π!q

∗AS⟨dim(BunN,ρ̌(ω))⟩ (2.21)

where dim(BunN,ρ̌(Ω)) = (g − 1)(dim(N)− ⟨2ρG, 2ρ̌G⟩).
We adopt the normalization of the (conjectural) Geometric Langlands equivalence in [BZSV24, §12.2.1]

such that under the equivalence (2.16), the object PNilp∗Pnorm
Whit ∈ ShvNilp(BunG) corresponds to the (shifted)

dualizing sheaf ωLocres
Ǧ
⟨−(g − 1) dim(G)⟩ ∈ QCoh(LocresǦ ) ⊂ IndCoh(LocresǦ ), where PNilp∗ : Shv(BunG) →

ShvNilp(BunG) is the Beilinson’s spectral projector defined in [AGK+22c, §13.4.1], which is the right adjoint
of the natural inclusion ShvNilp(BunG)→ Shv(BunG).
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2.10. Geometric class field theory. Consider the map

AJd : Cd → Picd (2.22)

defined by

AJd(c1, . . . , cd) = O(c1 + · · ·+ cd) (2.23)

and the map
←−
h : C × Pic→ Pic (2.24)

such that
←−
h (c,L) = L(c). (2.25)

For each σ ∈ LocresGm
(k), we define Lσ to be the unique perverse sheaf on Pic such that

AJ∗d Lσ
∼→ σ⊠d⟨g − 1⟩ (2.26)

and
←−
h ∗Lσ

∼→ σ ⊠ Lσ. (2.27)

2.10.1. Unramified classical class field theory. For each σ ∈ LocarithGm
(k), we define the associated Hecke

character to be

χσ := tr(Frob,Lσ⟨−(g − 1)⟩)) ∈ Hom(Pic(Fq), k
×) (2.28)

2.11. Cohomology of classifying stacks. We chooseO(−1) ∈ Pic(BGm) to be the tautological line bundle
on BGm such that for any line bundle L ∈ Pic(X) defining a map fL : X → BGm, we have f∗LO(−1) = L.
This choice gives us an isomorphism Γ(BGm, k)

∼→ k[ℏ] where ℏ = c1(O(−1)).

2.12. Shearing. For a vector space V equipped with a Ggr = Gm-action, we get a weight decomposition

V =
⊕

i∈Z Vi. We define V( :=
⊕

i∈Z Vi⟨i⟩.

3. Linear algebra: Kolyvagin system

In this section, we introduce the linear algebra machinery used to study higher derivatives of L-functions
of a symplectic local system over the curve C.

• In §3.1, we recall the Clifford algebra and fix conventions.
• In §3.2, we introduce the Pin structure, which serves as a preparation for defining the Kolyvagin
system.

• In §3.3, we introduce the Kolyvagin system associated to a Pin structure, and prove the key result
Theorem 3.27.

• In §3.4, we introduce and study the Kolyvagin system associated to a module of the Clifford algebra,
which will be the Kolyvagin system occurring in Theorem 1.2,Theorem 6.16.

Throughout the section, we work over k = Qℓ or a finite extension of Qℓ such that all the groups and
polynomials split. Assume we are in the following setting:

Setting 3.1. We fix (M,ω) to be an odd symplectic vector space of dimension (0|2n) for n ∈ Z≥0, where
the symplecticity of the pairing means that it is non-degenerate and for any m1,m2 ∈M we have

ω(m1,m2) = ω(m2,m1).

For our conventions on super vector spaces, see §2.4.

3.1. Conventions on the Clifford algebra. We start by recalling some basic notions on the Clifford
algebra.
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3.1.1. Basic structures.

Definition 3.2. We define the Clifford algebra associated to (M,ω) to be

Cl(M) := Cl(M,ω) :=M⊗/I

where M⊗ is the free tensor algebra on M and the two-sided ideal I ⊂M⊗ is generated by elements of the
form

m1 ⊗m2 +m2 ⊗m1 − ω(m1,m2)

for all m1,m2 ∈M .3

Since Cl(M) ∈ Vect, we have its parity decomposition Cl(M) = Cl(M)even ⊕ Cl(M)odd.
There is an increasing filtration {Gi Cl(M)}i∈Z≥0

defined by

Gi Cl(M) :=
∑

0≤j≤i

im(M⊗j → Cl(M)). (3.1)

The graded pieces with respect to the filtration G• is GrG• Cl(M)
∼→ Sym•M . In particular, the top graded

piece GrGtop Cl(M) = SymtopM is an one-dimensional even vector space. From ω : M⊗2 → k, we get an

induced orthogonal pairing ωtop : (SymtopM)⊗2 → k as in (2.9).

Definition 3.3. A parity of (M,ω) is a linear map ω
1/2
top : SymtopM → k such that

(ω
1/2
top )

⊗2 = ωtop.

Remark 3.4. The name parity is justified by Remark 3.7.

A choice of parity ω
1/2
top gives a linear map

tr : Cl(M)→ k

defined as the composition

tr : Cl(M)→ GrGtop Cl(M)
∼→ SymtopM

ω
1/2
top−−−→ k. (3.2)

Note that for each M as above, there are precisely two choices of parity ω
1/2
top differing by a sign.

3.1.2. Pin groups. We use Cl(M)× to denote the group of invertible elements in Cl(M). There are several
important subgroups

Spin(M) Pin(M)

GSpin(M) GPin(M) Cl(M)×

. (3.3)

The group GPin(M) is defined as

GPin(M) = {x ∈ Cl(M)×|xMx−1 ⊂M},
and the group GSpin(M) is defined by

GSpin(M) := GPin(M) ∩ Cl(M)even.

The group Pin(M) can be defined as

Pin(M) := {v1v2 · · · vk ∈ Cl(M)×|v1, v2, . . . , vk ∈M such that ω(vi, vi) = 2}
and the group Spin(M) is defined by

Spin(M) := Pin(M) ∩ Cl(M)even.

One can easily check that Pin(M) and Spin(M) are subgroups by noting that

v−1 =
2v

ω(v, v)

3It is more common to take I to be generated by m1 ⊗ m2 + m2 ⊗ m1 − 2ω(m1,m2). We discard the factor 2 to get a
cleaner formula in Theorem 3.27. Moreover, the Clifford algebras we are going to consider (as in Corollary 6.12) are closer to

our convention.
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for every v ∈M ⊂ Cl(M) such that ω(v, v) ̸= 0. Moreover, it is well-known that one has

GPin(M) = Pin(M) · k×

and

GSpin(M) = Spin(M) · k×.
We have a natural group homomorphism

det : GPin(M)→ {±1} (3.4)

defined by

det(g) = (−1)|g|,
where |g| is the parity of g ∈ Cl(M).4 Moreover, there is a canonical map

R : GPin(M)→ O(M) (3.5)

g 7→ Rg

defined as

Rg(m) = det(g)gmg−1 ∈M ⊂ Cl(M) for g ∈ GPin(M) and m ∈M ⊂ Cl(M). (3.6)

We also have a map

λ : GPin(M)→ GPin(M)/Pin(M)
∼→ k× (3.7)

which satisfies λ(cg) = c2 for c ∈ k× ⊂ GPin(M) and g ∈ Pin(M).
For each element v ∈M satisfying ω(v, v) ̸= 0, it is easy to see that for every m ∈M we have

Rv(m) = m− 2ω(m, v)

ω(v, v)
v (3.8)

which coincides with the reflection along v.

3.1.3. Clifford module. It is well-known that there is a unique up-to-parity (super)representation S of Cl(M)
such that the representation map Cl(M) → End(S) is an isomorphism. The representation S is called the
Clifford module. We now construct a specific model of the Clifford module.

Construction 3.5. Choose a polarization M = L⊕ L∗ such that ω = ωcan as defined in (2.5).

• Define S = Sym• L∗.
• The action of L∗ ⊂ Cl(M) on S is given by the linear map L∗ ⊗ Sym• L∗ → Sym• L∗ defined as

multiplication on the left;
• The action of L ⊂ Cl(M) on S is given by the linear map L⊗ Sym• L∗ → Sym• L∗ defined via

v ⊗ v∗1v∗2 · · · v∗n 7→
n∑

i=1

(−1)i+1ω(v, v∗i )v
∗
1 · · · v̂∗i · · · v

∗
n.

• The actions above uniquely extends to an action of Cl(M) on S.

Note that the polarization M = L⊕ L∗ induces a parity ω
1/2
top,L given by

ω
1/2
top,L : SymtopM

∼→ Symtop L⊗ Symtop L∗
∼→ Symtop L⊗ (Symtop L)∗

ev−→ k

where the second isomorphism is defined in (2.4).
An easy computation shows the following:

Proposition 3.6. The map tr : Cl(M)→ k induced by ω
1/2
top,L as in (3.2) coincides with the map Cl(M)→

End(S)
tr−→ k, where the (super)trace tr : End(S)→ k is defined in (2.1).

Remark 3.7. From Proposition 3.6, one sees that a choice of parity is equivalent to a choice of parity of
the Clifford module.

We also note the following obvious property of tr:

Proposition 3.8. For pure elements x, y ∈ Cl(M), we have tr(xy) = (−1)|x||y| tr(yx).

4Every element in GPin(M) is pure.
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3.2. Pin structures. From now on, we assume we are in the following setting:

Setting 3.9. Let (M,ω) be as in Setting 3.1. Moreover, we fix F ∈ O(M) and get a triple (M,ω, F ).

Definition 3.10. A Pin structure (resp. GPin structure) of (M,ω, F ) is an element F̃ ∈ Pin(M) (resp.

F̃ ∈ GPin(M) such that

RF̃ = F,

where R : GPin(M)→ O(M) is defined in (3.5).

Note that the lifting F̃ in a Pin structure (resp. GPin structure) is unique up to ±1 (resp. k×). We use

KolyF ⊂ Cl(M) (3.9)

to denote the one-dimensional subspace spanned by all GPin structures of (M,ω, F ). We make the following
definition

Definition 3.11. A Kolyvagin structure of (M,ω, F ) is an element F̃ ∈ KolyF .

Note that the map λ : KolyF ∩GSpin(M)→ k defined in (3.7) can be extended to a map

λ : KolyF → k (3.10)

by setting λ(0) = 0. The map λ is quadratic.
The name Kolyvagin will be justified in §3.3.

3.2.1. Semisimple case. We are now going to give explicit descriptions of the Pin structure F̃ in Defini-
tion 3.10 when F ∈ O(M) is semisimple. This section is only used in the proof of Theorem 3.27 and
Proposition 3.37. It can be safely skipped during a first reading.

We first consider the case det(F ) = 1. In this case, there exists a polarization M = L ⊕ L∗ such that
ω = ωcan as in (2.5) and both L and L∗ are F -stable. We choose F -eigenbasis (e1, e2, · · · , en) of L and get
dual basis (e∗1, e

∗
2, · · · , e∗n) of L∗ satisfying ω(ei, e

∗
j ) = δij . Suppose we have Fei = αiei for each i, we get

Fe∗i = α−1i e∗i . Note the following description of F̃ :

Proposition 3.12. The Pin structure F̃ is given by

F̃ = ±
n∏

i=1

(α
1/2
i eie

∗
i + α

−1/2
i e∗i ei) ∈ Spin(M). (3.11)

Proof. Note that

α
1/2
i eie

∗
i + α

−1/2
i e∗i ei = (ei + e∗i ) · (α

−1/2
i ei + α

1/2
i e∗i )

and we have

ω(ei + e∗i , ei + e∗i ) = ω(α
−1/2
i ei + α

1/2
i e∗i , α

−1/2
i ei + α

1/2
i e∗i ) = 2,

therefore we know that right hand side of (3.11) lies in Pin(M). To prove the identity, it suffices to check
that Rei+e∗i

◦R
α

−1/2
i ei+α

1/2
i e∗i

acts by identity on vectors ej , e
∗
j for j ̸= i and has eigenvalue αi on ei and α

−1
i

on e∗i . The first claim is obvious. The second claim follows from the following direct computation:

Rei+e∗i
◦R

α
−1/2
i ei+α

1/2
i e∗i

(ei) = Rei+e∗i
(ei − ω(ei, α−1/2i ei + α

1/2
i e∗i )(α

−1/2
i ei + α

1/2
i e∗i ))

= Rei+e∗i
(−αie

∗
i )

= −αie
∗
i + ω(αie

∗
i , ei + e∗i )(ei + e∗i )

= αiei

.

The computation for e∗i is similar.
□

Let us write FL = F |L, FL∗ = F |L∗ and FSym• L∗ , FSym• L to be the automorphisms on Sym• L∗, Sym• L.
We have the following immediate observations:
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Corollary 3.13. Let us take

F̃ =

n∏
i=1

(α
1/2
i eie

∗
i + α

−1/2
i e∗i ei) ∈ Spin(M),

then the action of F̃ on S = Sym• L∗ is given by

F̃ · e∗i1 · · · e
∗
ik

= ϵ(L,F )1/2α−1i1
· · ·α−1ik

e∗i1 · · · e
∗
ik
,

where ϵ(L,F ) := det(FL)
−1 = α1 · · ·αn is the root number. In other words, the action of F̃ on S = Sym• L∗

equals ϵ(L,F )1/2FSym• L∗ .

Remark 3.14. The above choice of F̃ depends on a choice of square root ϵ(L,F )1/2 (rather than choices of
square roots of individual αi). The last claim in Corollary 3.13 is also valid when F is not semisimple but
admits the F -stable polarization M = L⊕ L∗.

Now we turn to the case det(F ) = −1. In this case, we always have F -stable decomposition M =
W ⊕ W ∗ ⊕ k · x ⊕ k · y such that W ⊕ W ∗, k · x, k · y are orthogonal to each other (recall that we are
assuming F semisimple), in which ω|W⊕W∗ is the canonical symplectic pairing, and ω(x, x) = ω(y, y) = 2,
Fx = x, Fy = −y. Let us set a = (x + y

√
−1)/2 and a∗ = (x − y

√
−1)/2. Take L∗ = W ∗ ⊕ k · a∗ and

L = W ⊕ k · a. This gives a polarization W = L⊕ L∗, hence we can use S = Sym• L∗ as the model for the
Clifford module. We further pick F -eigenbasis e1, · · · , en−1 of W as before such that Fei = αiei, and obtain
dual basis e∗1, · · · , e∗n−1. We have the following proposition parallel to Proposition 3.12:

Proposition 3.15. We have

F̃ = ±(
n−1∏
i=1

(α
1/2
i eie

∗
i + α

−1/2
i e∗i ei))y ∈ Pin(M).

The proof is completely analogous to the proof of Proposition 3.12, so we omit it. We also have the
following Corollary parallel to Corollary 3.13:

Corollary 3.16. Let us take

F̃ = (

n−1∏
i=1

(α
1/2
i eie

∗
i + α

−1/2
i e∗i ei))y ∈ Pin(M),

then the action of F̃ on S = Sym• L∗ is given by

F̃ · e∗i1 · · · e
∗
ik

= (−1)k+1/2ϵ(W,F )1/2α−1i1
· · ·α−1ik

e∗i1 · · · e
∗
ik
a∗

and

F̃ · e∗i1 · · · e
∗
ik
a∗ = (−1)k−1/2ϵ(W,F )1/2α−1i1

· · ·α−1ik
e∗i1 · · · e

∗
ik
.

3.3. Kolyvagin systems. In this section, we introduce a sequence of elements attached to (M,ω, F ) after
choosing a Kolyvagin structure (see Definition 3.11) and parity (see Definition 3.3). This sequence of elements
was first considered in [YZ]. Since this sequence of elements shares some features with the Kolyvagin system
over number fields defined in [MR04], it can be regarded as a function field analog of the Kolyvagin system.

3.3.1. Definition.

Definition 3.17. Given (M,ω, F ) as in Setting 3.9, a Kolyvagin polarization of (M,ω, F ) is a quadruple

(M,ω, F̃ , ω
1/2
top )

where

• The element F̃ ∈ KolyF is a Kolyvagin structure for (M,ω, F ) defined in Definition 3.11;

• The element ω
1/2
top is a parity for (M,ω) defined in Definition 3.3.

We say a Kolyvagin polarization is GPin (or Pin, Spin, GSpin) if F̃ ∈ GPin(M) (or F̃ lies in Pin(M),
Spin(M), GSpin(M)).
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Definition 3.18. We define the Kolyvagin system attached to a Kolyvagin polarization (M,ω, F̃ , ω
1/2
top ) to

be the sequence of elements

{zr ∈M∗⊗r}r∈Z≥0

where the element zr is defined as the coelement

zr :M⊗r → k

such that

zr(m1 ⊗m2 ⊗ · · · ⊗mr) = tr(m1m2 · · ·mrF̃ ) (3.12)

for m1, . . . ,mr ∈ M , and the map tr is defined in (3.2). We say a Kolyvagin system is GPin (or Pin, Spin,
GSpin) if the Kolyvagin polarization is GPin (or Pin, Spin, GSpin).

Remark 3.19. We remind the reader that by the convention in §2.4, for m∗r ⊗ · · · ⊗ m∗1 ∈ M∗⊗r, the
corresponding coelement of m∗r ⊗ · · · ⊗m∗1 :M⊗r → k is

(m∗r ⊗ · · · ⊗m∗1)(m1 ⊗ · · · ⊗mr) = m∗1(m1) · · ·m∗r(mr). (3.13)

for m1 ⊗ · · · ⊗mr ∈M⊗r.

Remark 3.20. We sometimes extend the Kolyvagin system {zr ∈ M∗⊗r}r∈Z≥0
to a sequence {zr ∈

M∗⊗r}r∈Z by setting zr = 0 for r < 0.

3.3.2. Characterizing properties. In this section, we introduce a characterizing property of the Kolyvagin
system {zr}, which was first discovered by [YZ]. We will not use this in our article. We include it here for
completeness.

Consider the following morphisms:

• For each 1 ≤ i ≤ r + 1, we have a map coevi,i+1 :M∗⊗r →M∗⊗r+2 defined as the composition

coevi,i+1 :M∗⊗r
∼→M∗⊗i−1 ⊗ k ⊗M∗⊗r−i+1 id⊗coevω⊗id−−−−−−−−→M∗⊗r+2

where the map coevω : k →M∗ ⊗M∗ is introduced in (2.7).
• For each 1 ≤ i ≤ r − 1, we have a map swi,i+1 :M∗⊗r →M∗⊗r introduced in (2.3).
• We have a morphism pF :M∗⊗r →M∗⊗r defined by

pF(m∗1 ⊗m∗2 ⊗ · · · ⊗m∗r) = (−1)r−1F (m∗r)⊗m∗1 ⊗ · · · ⊗m∗r−1

where F = (F ∗)−1 :M∗ →M∗.

Proposition 3.21. For the Kolyvagin system {zr ∈M∗⊗r}r∈Z≥0
, we have the following facts:

(1) For each r ∈ Z≥0 and 1 ≤ i ≤ r − 1, we have

zr − swi,i+1(zr) = coevi,i+1(zr−2).

(2) For each r ∈ Z≥0, we have

pF(zr) = zr.

(3) The properties in (1) and (2) uniquely characterizes {zr ∈ M∗⊗r}r∈Z≥0
up to scalar. Equivalently

speaking, after fixing the parity in Definition 3.3, the construction (3.12) defines an isomorphism
between the one-dimensional vector space KolyF defined in Definition 3.11 and the vector space of
sequences of elements {zr ∈M∗⊗r}r∈Z≥0

satisfying (1) and (2).

Proof. We first prove the following lemma:

Lemma 3.22. A sequence {zr ∈M∗⊗r}r∈Z≥0
satisfies Proposition 3.21 (1) if and only if there exists some

element T ∈ Cl(M) such that the sequence {zr ∈M∗⊗r}r∈Z≥0
satisfies

zr(m1 ⊗m2 ⊗ · · · ⊗mr) = tr(m1m2 · · ·mrT ). (3.14)

for any r ∈ Z≥0 and m1, . . . ,mr ∈M .
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Proof of lemma. Regard the sequence {zr ∈M∗⊗r}r∈Z≥0
as a single element z• ∈

∏
r∈Z≥0

M∗⊗r
∼→ (M⊗r)∗.

The condition in Proposition 3.21 (1) is equivalent to say that the element z• regarded as a functional
M⊗ → k vanishes on the linear subspace I spanned by elements of the form

m1 ⊗ · · · ⊗mk ⊗ (x⊗ y + y ⊗ x− ω(x, y))⊗mk+1 ⊗ · · · ⊗ml.

This is equivalent to say that z• comes from a function Cl(M) = M⊗/I → k. Since the bilinear form

Cl(M) ⊗ Cl(M) → Cl(M)
tr−→ k is non-degenerate, we know that there exists F ∈ Cl(M) satisfying the

desired property.
□

Note that Proposition 3.21 (1) follows directly from the lemma above.
To prove Proposition 3.21 (2), one notes for every m1 ⊗m2 ⊗ · · · ⊗mr ∈M⊗r, we have

zr(m1 ⊗m2 ⊗ · · · ⊗mr) = tr(m1m2 · · ·mrF̃ )

= (−det(F ))r−1 tr(mrF̃m1m2 · · ·mr−1)

= (−1)r−1 det(F )r−1 tr(F̃ F̃−1mrF̃m1m2 · · ·mr−1)

= (−1)r−1 tr(F−1(mr)m1m2 · · ·mr−1F̃ )

= (−1)r−1zr(F−1(mr)⊗m1 ⊗m2 ⊗ · · · ⊗mr−1)

= pF(zr)(m1 ⊗m2 ⊗ · · · ⊗mr).

This concludes the proof of Proposition 3.21 (2).

To prove Proposition 3.21 (3), we choose a Pin structure F̃ defined in Definition 3.10 and suppose we have
a system {z′r ∈ M∗⊗r}r∈Z≥0

satisfying conditions in Proposition 3.21 (1) (2). By Lemma 3.22, there exists

an element T ∈ Cl(M) such that the system {z′r ∈M∗⊗r}r∈Z≥0
is constructed from T via (3.14). Then the

condition Proposition 3.21 (2) tells us that for every m1 ⊗m2 ⊗ · · · ⊗mr ∈M⊗r, one has

tr(m1m2 · · ·mr−1mrT ) = tr(m1m2 · · ·mr−1(T0 − T1)F−1(mr))

where T0, T1 are the even and odd part of T , respectively. Since this identity holds for any r, we know that

for any m ∈M one has mT = (T0−T1)F−1(m), which implies that T F̃−1 lies in the (super)center of Cl(M)

which is well-known to be k ⊂ Cl(M). This implies that T and F̃ differ by a scalar, and we finish the proof
of Proposition 3.21 (3).

□

3.3.3. Relation to the Selmer rank. This section is not used in other parts of the article. It will be used in

[YZ]. Fix a GPin Kolyvagin polarization (M,ω, F̃ , ω
1/2
top ) as in Definition 3.17 and construct the associated

Kolyvagin system {zr ∈M∗⊗r}r∈Z≥0
as in Definition 3.18. We have the following facts:

Proposition 3.23. For the GPin Kolyvagin system {zr ∈M∗⊗r}r∈Z≥0
, define its order to be

ord(z•) := min
zr ̸=0

r ∈ Z≥0. (3.15)

Then there is an equality

ord(z•) = dimMF=1.

Proof. Note that zr ̸= 0 is equivalent to tr((Gr Cl(M))F̃ ) ̸= 0, where the filtration G•Cl(M) is defined in

(3.1). Therefore, we know that ord(z•) is the minimal integer r such that tr(Gr Cl(M)F̃ ) ̸= 0. Suppose

F̃ ∈ Gk Cl(M)\Gk−1 Cl(M), we know that

ord(z•) = 2n− k. (3.16)

On the other hand, the number k is also the minimal integer k such that F ∈ O(M) can be written as a
composition of k reflections. This description gives

k = 2n− dimMF=1. (3.17)

Combining (3.16)(3.17), we get ord(z•) = dimMF=1. □
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3.3.4. Relation to L-functions. Fix a Kolyvagin polarization (M,ω, F̃ , ω
1/2
top ) as in Definition 3.17 and con-

struct the associated Kolyvagin system {zr ∈ M∗⊗r}r∈Z≥0
as in Definition 3.18. We are now going to give

an expression of central derivatives of L-functions via the Kolyvagin system. To do this, we first recall the
definition of L-functions and root number in this setting.

Definition 3.24. Suppose we are given (V, F ) where V is a finite dimensional (super) vector space and
F ∈ GL(V ),

(1) We define the L-function of the pair (V, F ) to be

L(V, F, s) := det(1− q−sF )−1;
(2) We define the root number of (V, F ) to be

ϵ(V, F ) = det(F )−1.

where the (super)determinant det is defined in (2.2).

Recall that ω is a symplectic pairing on M , which can be regarded as an isomorphism ω :M
∼→M∗ as in

(2.6), hence gives us a symplectic form on M∗ by transporting ω via the isomorphism. This further induces
bilinear forms ωr on M∗⊗r.

Remark 3.25. We recall our convention for the bilinear form ωr given in (2.8). Under the isomorphism

ω :M
∼→M∗, the bilinear forms ωr on M∗⊗r

∼→M⊗r is given by

ωr(m1 ⊗ · · · ⊗mr,m
′
1 ⊗ · · · ⊗m′r) = (−1)r(r−1)/2ω(m1,m

′
1) · · ·ω(mr,m

′
r). (3.18)

Warning 3.26. One should pay attention to the difference in ordering elements between formula (3.18) and
the formula (3.13). This difference is essential for the following Theorem 3.27 to be true.

The main result in this section is the following:

Theorem 3.27. For the Kolyvagin system {zr ∈ M∗⊗r}r∈Z≥0
associated to a Kolyvagin polarization

(M,ω, F̃ , ω
1/2
top ) introduced in Definition 3.18, the following identity holds for any r ∈ Z≥0:

ωr(zr, zr) = λ(F̃ )ϵn,r(ln q)
−r

(
d

ds

)r ∣∣∣
s=0

(qnsL(M,F, s)) (3.19)

where ϵn,r = (−1)r(r−1)/2+n. Here, the map λ : KolyF → k is defined in (3.10).

Remark 3.28. It is easy to see that when the Kolyvagin system in Theorem 3.27 is Pin as defined in
Definition 3.18, both sides of (3.19) are independent of the choice of Pin Kolyvagin polarization (i.e., changing

F̃ by a sign changes neither side of (3.19)).

Remark 3.29. When the Kolyvagin system is GPin (i.e., non-zero), the minimal number r such that
the right-hand-side of (3.19) is non-zero is r = dim(M (F−1)∞=0) (i.e., the dimension of the generalized
eigenspace ofM with eigenvalue 1). Comparing with Proposition 3.23, one sees that if the Kolyvagin system
satisfies ωr(zr, zr) ̸= 0 whenever zr ̸= 0 (for example, this holds if the pairing ωr has some positivity), then
M (F−1)∞=0 = MF=1. This is used in [YZ], in which the positivity of the pairing is provided by the Hodge
index theorem.

Proof. For each r ∈ Z≥0, the formula (3.19) regarded as an equation for F ∈ O(M) defines a Zariski closed
subset of O(M). Therefore, we only need to prove (3.19) for semisimple F .

We first show that the identity (3.19) is stable under direct sum in M . Indeed, suppose M = M1 ⊕M2

is an F -stable (orthogonal) direct sum decomposition as symplectic odd vector spaces. We define ωMi
=

ω|Mi
. We can assume that the Kolyvagin system {zr ∈ M∗⊗r}r∈Z≥0

comes from an F -equivariant Cl(M)-
module S (see §3.4 for the definition), which admits an F -equivariant decomposition S = S1 ⊗ S2 where
Si is an F -equivariant Cl(Mi)-module. We use {zMi,r ∈ M∗⊗ri }r∈Z≥0

to denote the associated Kolyvagin

system for Si. Note that we have a decomposition M⊗r =
⊕

0≤r1≤r(M
⊗r1
1 ⊗ M⊗r−r12 )⊕(

r
r1
) such that

zr|M⊗r1
1 ⊗M⊗r−r1

2
= ±zM1,r1 ⊗ zM2,r2 for each direct summand M⊗r11 ⊗M⊗r−r12 ⊂ M⊗r. Also note that

(−1)r(r−1)/2ωr|M∗⊗r = (−1)r1(r1−1)/2+(r−r1)(r−r1−1)/2ωM1,r1 ⊗ ωM2,r2 . By Leibnitz’s rule, a similar formula
holds for the right-hand side of (3.19). Therefore, the identity (3.19) holds for M if it holds for M1 and M2.
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Now, we can assume dimM = 2 and apply the computational result in §3.2.1. We only do the case

det(F ) = 1 and leave the case det(F ) = −1 to the readers. We can assume λ(F̃ ) = 1. In this case, we can
do the computation in the setting of Corollary 3.13. Note that S = k · 1 ⊕ k · e∗1 in this case. The element

F̃ acts on S by F̃ · 1 = α
1/2
1 · 1 and F̃ · e∗1 = α

−1/2
1 e∗1. Since both sides of (3.19) are zero if r is odd, we can

assume r is even.
We first compute the left-hand side of (3.19). When r = 0, we have z0 = α

1/2
1 −α−1/21 , hence, ω0(z0, z0) =

(α
1/2
1 − α−1/21 )2 = −(2− α1 − α−11 ). When r > 0, since (e1 ⊗ e∗1)⊗r/2 · 1 = 1 and (e1 ⊗ e∗1)⊗r/2 · e∗1 = 0, we

have zr((e1 ⊗ e∗1)⊗r/2) = α
1/2
1 . Similarly, we have zr((e

∗
1 ⊗ e1)⊗r/2) = −α

−1/2
1 . Since zr takes zero value on

other basis vectors of M⊗r, we know ωr(zr, zr) = (−1)r(r−1)/2+12.
Now we compute the right-hand side of (3.19). Note that q−sL(M,F, s) = qs+q−s−α1−α−11 . Therefore,

we have

ϵn,r(ln q)
−r

(
d

ds

)r ∣∣∣
s=0

(qnsL(M,F, s)) =

{
−(2− α1 − α−11 ), r = 0

(−1)r(r−1)/2+1(1 + (−1)r), r > 0

Comparing the computational results above, the identity (3.19) is proved.
□

3.4. Kolyvagin systems from modules. In §3.3, we introduced the notion of the Kolyvagin system

associated to a Kolyvagin polarization (M,ω, F̃ , ω
1/2
top ) defined in Definition 3.17. In this section, for each

(M,ω, F ) in Setting 3.9, we introduce the Kolyvagin system associated to a finite-dimensional F -equivariant
module T ∈ Mod(Cl(M))ω,F .

For F ∈ O(M), we denote its induced automorphism on Cl(M) by FCl(M).

Definition 3.30. Fix a triple (M,ω, F ) in Setting 3.9. We define the category of F -equivariant modules of
Cl(M) to be

Mod(Cl(M))F := Mod(Cl(M))F
∗
Cl(M)

in which the perfect complexes form the full subcategory

Mod(Cl(M))ω,F ⊂ Mod(Cl(M))F .

In concrete terms, given an object in Mod(Cl(M))F is equivalent to give an object T ∈ Mod(Cl(M)) together
with an automorphism of perfect complexes FT : T → T such that

F (x) · FT (t) = FT (x · t) (3.20)

for any x ∈ Cl(M) and t ∈ T .

Definition 3.31. For each T ∈ Mod(Cl(M))ω,F , we get a map of algebras a : Cl(M) → EndVect(T ). We
define the Kolyvagin system associated to T to be sequence of elements

{zT,r ∈M∗⊗r}r∈Z≥0

where the element zr is defined as the coelement

zT,r :M⊗r → k

such that
zT,r(m1 ⊗m2 ⊗ · · · ⊗mr) = tr(a(m1) ◦ · · · ◦ a(mr) ◦ FT ). (3.21)

Now we fix a Pin Kolyvagin polarization as defined in Definition 3.17. The parity ω
1/2
top gives a choice of

parity on the Clifford module S. The Pin structure F̃ defines an F -equivariant structure on S. From now
on, we assume det(F ) = 1. In this case, we are going to construct a Kolyvagin structure trKoly(T ) ∈ KolyF
(see Definition 3.11 for definition) such that the system in Definition 3.31 is the Kolyvagin system attached

to the Kolyvagin polarization (M,ω, trKoly(T ), ω
1/2
top ).

Since Cl(M)
∼→ End(S), we have Morita equivalence

Mod(Cl(M))
∼→ Vect (3.22)

where the equivalence is given by
T ↔ HomMod(Cl(M))(S, T )

V ⊗ S ↔ V
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In particular, for each T ∈ Mod(Cl(M))ω,F , we get VT := HomMod(Cl(M))(S, T ) ∈ Vect such that T =
S ⊗ VT .

Note the following lemma:

Lemma 3.32. When det(F ) = 1, the F -equivariant Cl(M)-module automorphism FT ∈ EndVect(T )
∼→

Cl(M)⊗ EndVect(VT ) lies in the subspace

KolyF ⊗ EndVect(VT ) ⊂ Cl(M)⊗ EndVect(VT ).

Proof of Lemma 3.32. By (3.20), an element f ∈ Cl(M)⊗ EndVect(VT ) is F -equivariant if and only if

F (x)f = fx (3.23)

for all x ∈ Cl(M). Here we are using the natural Cl(M)-bimodule structure on Cl(M)⊗EndVect(VT ) (trivial

on the second factor). By choosing a Pin structure F̃ as in Definition 3.10, we can rewrite (3.23) as

F̃ xF̃−1f = fx,

which further rewrites to

x(F̃−1f) = (F̃−1f)x

that holds for every x ∈ Cl(M). Then we are done since the center of oblv(Cl(M)) is k ⊂ Cl(M). □

Remark 3.33. Note that Lemma 3.32 gives a bijection between isomorphism classes of F -equivariant
Cl(M)-modules and matrices with elements in KolyF when det(F ) = 1.

Then we have the following immediate corollary:

Corollary 3.34. Assume det(F ) = 1. For each T ∈ Mod(Cl(M))ω,F , consider the map trKoly := id ⊗ tr :
KolyF ⊗ EndVect(VT )→ KolyF which is taking trace on the second factor. Then we get

trKoly(T ) := trKoly(FT ) ∈ KolyF .

The system

{zT,r ∈M∗⊗r}r∈Z≥0

in Definition 3.31 is the Kolyvagin system attached to the Kolyvagin polarization (M,ω, trKoly(FT ), ω
1/2
top ) via

Definition 3.18.

Remark 3.35. When T is irreducible (i.e., isomorphic to the Clifford module S up to parity), the element
trKoly(T ) is non-zero since FT is non-zero. This implies that the Kolyvagin system {zT,r ∈ M∗⊗r}r∈Z≥0

is
non-zero (i.e., is a GPin Kolyvagin system).

Given Corollary 3.34, one can apply Theorem 3.27 to relate the system {zT,r ∈ M∗⊗r}r∈Z≥0
with L-

functions. For each T ∈ Mod(Cl(M))ω,F , we can now define

λ(T ) := λ(trKoly(T )) (3.24)

where λ : KolyF → k is defined in (3.10). The number λ(T ) is the most important invariant of an F -
equivariant module of Cl(M) for us.

3.4.1. Computing λ(T ). The result in this section will not be used until Theorem 7.11.
We do not have a general way to compute the invariant λ(T ) unless we get very explicit knowledge of

the F -equivariant module T ∈ Mod(Cl(M))ω,F . Even if T is isomorphic to the Clifford module as a Cl(M)-
module, we still need to know about its F -equivariant structure. In this section, we introduce a particular
case where we can compute λ(T ) easily. For this, we assume we are in the following setting:

Setting 3.36. Given (M,ω, F ) as in Setting 3.9. Moreover, we fix an F -stable polarization M = L⊕ L∗.

In this case, we have the following

Proposition 3.37. Suppose we are in Setting 3.36, and S = Sym• L∗ is the Clifford module constructed in
Construction 3.5, equipped with its natural F -equivariant structure FSym• L∗ . Then we have

λ(Sym• L∗) = ϵ(L,F )−1

where ϵ(L,F ) is the root number defined in Definition 3.24 (2).
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Proof. By a Zariski dense argument, we are reduced to the case that F is semisimple. Then we are done by
Corollary 3.13. □

Therefore, we can compute λ(T ) by relating T to the module S = Sym• L∗. For this purpose, we introduce
the following lemma:

Lemma 3.38. Suppose we are in Setting 3.36. Given an F -equivariant module T ∈ Mod(Cl(M))ω,F,♡ of
dimension (2n−1|2n−1). Suppose there exists a FT -eigen highest weight vector t ∈ T in the sense that:

(1) We have FT (t) = αt for some α ∈ k×;
(2) We have L · t = 0

Then the natural action map

a : S = Sym• L∗ → Sym• L∗ · t ⊂ T
defines an isomorphism of F -equivariant modules after we replace the F -equivariant structure on T by FT /α.
In particular, we have

λ(T ) = α2λ(Sym• L∗) = α2ϵ(L,F )−1.

Proof of Lemma 3.38. It is easy to see that the map a : S → T is compatible with Cl(M)-module structures
by (2) and is F -equivariant after replacing FT by FT /α given (1), therefore must be an isomorphism of
F -equivariant Cl(M)-modules since both sides have the same dimension. The final statement is then a
consequence of Proposition 3.37. □

4. Commutator relations on cohomological correspondences

In this section, we introduce the local-to-global construction of special cohomological correspondences. In
particular, relations between local special cohomological correspondences (commutator relations) would give
relations on global special cohomological correspondences. These relations are what we call the commutator
relations on global special cohomological correspondences. The main result in this section is Conjecture 4.45
(proved under technical assumptions in Theorem 4.47).

• In §4.1, we clarify the étale sheaf theory we are using and establish some properties of it which are
well-known to the experts but we cannot find in the literature.

• In §4.2, we review the notion of cohomological correspondences used in [FYZ23] and make some
enhancements in our setting.

• In §4.3, we introduce the moduli spaces and categories involved in the local-to-global procedure.
• In §4.4, we make the local-to-global construction of special cohomological correspondences.
• In §4.5, we state the commutator relation on global special cohomological correspondences, which is

the main result of this section.
• In §4.6, we mention some variants of the construction in the case X is non-homogeneous.
• Finally, in §4.7, we prove the main theorem Theorem 4.47.

4.1. Sheaf theory. We now come to set up the étale sheaf theory that we will use throughout the article.
Experienced readers can safely skip this part and come back when necessary.

The local-to-global construction of cohomological correspondences, which we are going to introduce in
§4.4, is essentially part of the automorphic factorizable Θ-series construction discussed in [BZSV24, §16].
It has been observed in loc.cit that this construction encounters some difficulties in sheaf theory, and has
not been made rigorous at this stage as far as we know. Establishing the full version of this construction is
stated as an open problem in [BZSV24, Problem16.3.2]. We do not try to address this problem in its full
generality. Instead, we only establish part of it, which is enough for our purpose (i.e., to see the Clifford
relation in the RTF-algebra).

For this purpose, we need a ∗-sheaf theory5 (to study the !-period sheaf PX) on non-Artin and non-placid
stacks like LX/L+G (and its moving point variants like (LX/L+G)C). This is the sheaf theory Shv we are
going to produce in this section. Note that although the entire category Shv can be very bad on general
stacks, the six-functor functoriality should be mostly well-behaved, which is enough for our purpose.

5By ∗-sheaf theory, we mean a theory in which the upper-∗ functor is always defined.
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4.1.1. Six-functor formalism of ind-constructible sheaves. We briefly review the six-functor formalism of étale
sheaf theory with k = Qℓ-coefficients, which will be used later.

We use Sch to denote the category of (classical) schemes over Fq, and Stack to be the category of (étale)

stacks over Fq.

Let X be a scheme of finite type over Fq, the (infinity-categorical enhancement of) derived category of
constructible complexes Shvc(X, k) has been constructed in [LZ17b] (for torsion coefficients) and [LZ17a] for
adic coefficients via right Kan extension along embedding torsion rings into adic rings,6 which extends to a
lax symmetric monoidal functor

Shvc : Corr(Schft)E=fp → CatIdemk . (4.1)

where ft is short for finite type schemes and fp is short for of finite presentation morphisms. We use qcqs
short for quasi-compact and quasi-separated.

Using left Kan extension along Schopft ⊂ Schopqcqs, and applying ind-completion Shv(−) := Ind(Shvc(−, )),
we obtain a six functor formalism (in the sense of [HM24, Definition 3.2.1]7)

Shv : Corr(Schqcqs)E=fp → LinCatk, (4.2)

Now we extend the six-functor formalism to étale stacks. Let P be a property of morphisms (of quasi-
compact quasi-separated schemes) that is stable under base change. In this case, we say a morphism
f : X → Y has property P if f is representable and any base change of f along a map from a qcqs
scheme S → Y has property P .

Then we use the right Kan extension along the full embedding Schop ⊂ Stackop. By [HM24, Theo-
rem3.4.11], we obtain a six-functor formalism

Shv : Corr(Stack)E=fp → LinCatk, (4.3)

whose restriction to qcqs schemes is the same as the one we constructed before.
More concretely, given a qcqs scheme S = lim←−i

Si where Si are schemes of finite-type, we have Shv(S) ∼=
Ind lim−→i

Shvc(Si), where the transition maps are ∗-pull. For an étale stack X = lim−→i
Xi where Xi ∈ Schqcqs,

we have Shv(X) ∼= lim←− Shv(Xi), where the transition maps are ∗-pull.
For f : X → Y a morphism of stacks, we always have f∗, which admits a (not necessarily continuous)

right adjoint f∗. If f is fp, we have f!, which admits a (not necessarily continuous) right adjoint f !. We also
have a right adjoint Hom to the tensor product ⊗ on Shv(X). In this case, these functors satisfy various
compatibilities such as projection formulas, proper base change, etc. We refer to [HM24, Proposition 3.2.2]
for a complete list of such compatibilities.

Moreover, for a morphism between stacks f : X → Y :

(1) If f is proper, then f is D-proper in the sense of [HM24, Definition 4.6.1(a)]. In particular, we have
a canonical isomorphism f! ∼= f∗;

(2) If f is étale, then f is D-étale in the sense of [HM24, Definition 4.6.1(b)]. In particular, we have a
canonical isomorphism f∗ ∼= f !.

These claims follow directly from [HM24, Lemma4.5.7] and the right cancellative property of proper and
étale maps.

Remark 4.1. This is a ∗-sheaf theory in the sense of [HM24, Remark 1.3.10].

Suppose X is an Artin stack locally of finite type, the following proposition shows that Shv(X) is the
same as the sheaf theory defined in [AGK+22c, §F.1.1].

Proposition 4.2. Let X = lim−→α
Xα be a filtered colimit of stacks with transition maps jαβ : Xα → Xβ

quasi-compact open immersions. Then

lim−→
α

Shv(Xα)
∼=−→ Shv(X) (4.4)

is an equivalence, where the transition maps are given by !-push.

6Actually in loc. cit, it is even constructed for Artin stacks locally of finite type.
7Our Corr(C)E is the same as Corr(C, E)⊗ in [HM24].
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Proof. By [Lur18, Proposition 6.2.1.9], Shv(X) ∼= lim←−α
Shv(Xα), with the transition maps given by ∗-pull.

Since each jα : Xα → Xβ is a quasi-compact open immersion, j∗αβ has continuous left adjoint jαβ,!. Therefore,

by [Lur09, Corollary 5.5.3.4, Theorem5.5.3.18], we have

lim←−
α

Shv(Xα) ∼= lim−→
α

Shv(Xα),

where the transition maps on the right-hand side are given by jαβ,!. □

4.1.2. Pro-smooth base change.

Definition 4.3. We say a morphism f : X → Y of quasi-compact quasi-separated schemes is elementary
pro-smooth (pro-smooth for short), if there exists a presentation X ∼= lim←−Xi as a cofiltered limit of qcqs
schemes with smooth affine surjective transition maps, such that every map Xi → Y is smooth.

The class of elementary pro-smooth is stable under base change, and hence this notion extends to stacks,
i.e., a morphism of stacks is called elementary pro-smooth if it is representable and its base change to any
scheme is elementary pro-smooth.

Example 4.4. If X is an affine smooth scheme over Fq, then the jet scheme L+X (see §4.3.1) is elementary
pro-smooth.

Example 4.5. Let G be an affine smooth group scheme, and let Z be a stack equipped with an L+G-action.
Then the natural map of stacks Z → Z/L+G is elementary pro-smooth.

Example 4.6. Let D = Spec Fq[[t]] be the formal disc and Aut(D) the automorphism group of D preserving

the center of the disc. Then Aut(D) is pro-smooth over Fq. In particular, the map of local coordinate
Coor : C → BAut(D) (see §4.3.1) is pro-smooth.

Lemma 4.7. Let f : X → Y be a representable surjection of stacks. Then f∗ is conservative.

Proof. When X and Y are qcqs schemes, the argument in [Zhu25][Lemma10.27] works. In the general case,
Shv(Y ) ∼= lim←−S→Y

Shv(S) and Shv(X) ∼= lim←−S→Y
Shv(S ×Y X), where S is a qcqs scheme and all transition

maps in the limits above are given by ∗-pullbacks. Then it follows from the scheme case by passing to
limits. □

Lemma 4.8. Given a Cartesian square of qcqs schemes

W X

Y Z

g′

f ′ f

g

⌟ (4.5)

with g elementary pro-smooth.

(1) If f is of finite presentation, then g′∗f ! ∼= f ′!g∗.
(2) We always have that g∗f∗ ∼= f ′∗g

′∗.

Proof. This has been proved in [Zhu25][Proposition 10.32, Corollary 10.46] and we reproduce the proof here.
Since all functors involved are continuous, we only need to verify (g′)∗f !F ∼= (f ′)!g∗F ∈ Shvc(Z). Since
g : Y → Z is elementary pro-smooth, we can write Z = lim←−i

Zi and Y = lim←−i
Yi such that all Yi, Zi are

schemes of finite type and the map g is induced from a compatible system of smooth morphisms gi : Xi → Zi.
Since f is fp, we can assume that there exists fi : Xi → Zi such that X = Xi ×Zi

Z for each i. We obtain
the following diagram
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W X

Y Z

Xi ×Zi
Yi Xi

Yi Zi

f ′

g′

rW,i

f

rX,i

rY,i

g

rZ,i

f ′
i

g′
i

fi

gi

where all squares except the left and right faces are Cartesian.
Assume F comes from F0 ∈ Shv(Z0), we use Fi to denote the ∗-pull of F0 to Zi. Note we have

f !F ∼= lim−→
i

r∗X,if
!
iFi

and

f ′!g∗F ∼= lim−→
i

r∗W,if
′!
i g
∗
iFi,

which gives

g′∗f !F ∼= lim−→
i

g′∗r∗X,if
!
iFi
∼= lim−→

i

r∗W,if
′!
i g
∗
iFi
∼= f ′!g∗F .

Part (2) is proved mutatis mutandis. □

Lemma 4.9. Given a Cartesian square of stacks

X X

Y Y

g′

f ′ f

g

⌟ (4.6)

where g and g′ are surjective pro-smooth, X and Y are qcqs schemes.

(1) If f is representable of finite presentation, then g′∗f ! ∼= f ′!g∗;
(2) We always have that g∗f∗ ∼= f ′∗g

′∗.

Proof. Let X• denote the Cech nerve of g′, where Xn are qcqs schemes and all face maps are surjective
pro-smooth. Let X+

• be the underlying semi-simplicial diagram (i.e., discarding all non-injective maps in
∆op). We always have lim←− Shv(X•) ∼= Shv(X), with transition maps given by ∗-pullbacks. By [Lur09, Lemma

6.5.3.7], we also have that lim←− Shv(X•) ∼= lim←− Shv(X+
• ). Similarly for Y +

• . Now by Lemma 4.8, all the vertical
maps in the following diagrams

Shv(Y ) Shv(Y2) Shv(Y3) · · ·

Shv(X) Shv(X2) Shv(X3) · · ·

f ′!

intertwine with face maps, and hence (1) holds by [Lur15, Proposition 4.7.4.19]. Similarly, (2) is proved. □

For applications, we further generalize pro-smooth base change to the “locally pro-smooth” case.

Proposition 4.10 (Locally pro-smooth base change). Suppose that we have a Cartesian square of stacks

W X

Y Z

g′

f ′ f

g

⌟ (4.7)

Assume that Y admits a pro-smooth surjection γ : Y → Y , such that Y is a quasi-compact quasi-separated

scheme, and the composition δ : Y
γ−→ Y

g−→ Z is also a pro-smooth surjection.
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(1) If f is representable of finite presentation, then we have (g′)∗f ! ∼= (f ′)!g∗.
(2) We always have g∗f∗ ∼= f ′∗(g

′)∗.

Proof. Part (1). Let γ′ :W := Y ×Y W → W be the base change of γ along W → Y . Then γ′ is a pro-smooth
surjection. Since γ′ is surjective, (γ′)∗ is conservative by Lemma 4.7, and we can check (g′)∗f ! ∼= (f ′)!g∗ by
pullback along γ′, i.e. we only need to show that

(γ′)∗(g′)∗f ! ∼= (γ′)∗(f ′)!g∗.

The three squares in

W

Y

W X

Y Z

f̃

γ′

δ′

γ

δ

g′

f ′

f

g

are all Cartesian.
On the one hand, (γ′)∗(g′)∗f ! ∼= (δ′)∗f !. On the other hand, by Lemma 4.9 (1), (γ′)∗(f ′)! ∼= f̃ !γ∗, and

hence (γ′)∗(f ′)!g∗ ∼= f̃ !δ∗.

Again by Lemma 4.9 (1), f̃ !δ∗ ∼= (δ′)∗f !, and hence we obtain the desired base change isomorphism.
Part (2). Consider diagram (4.1.2). Since γ is surjective, by Lemma 4.7, we only need to show that

γ∗g∗f∗ ∼= γ∗f ′∗(g
′)∗.

On the one hand, γ∗g∗f∗ ∼= δ∗f∗. On the other hand, γ∗f ′∗
∼= f̃∗(γ

′)∗ by Lemma 4.9 (2). Then

γ∗f ′∗(g
′)∗ ∼= f̃∗(γ

′)∗(g′)∗,

∼= f̃∗(δ
′)∗.

Finally, f̃∗(δ
′)∗ ∼= δ∗f∗ again by Lemma 4.9 (2). □

Remark 4.11. The results above are also easily generalized to the case where we have a pro-smooth
surjection Z → Z from a qcqs scheme Z, and Y ×Z Z → Z is pro-smooth (and f is representable of finite
presentation).

4.1.3. Excision. We need the following easy excision property of Shv:

Proposition 4.12. Let j : U → X be a quasi-compact open embedding of stacks with a closed immersion of
complement i : Z → X (i.e., U,Z form a stratification of X after a base change to qcqs schemes). Assume
that i : Z → X is of finite presentation, we have the following:

(1) The functor i! : Shv(Z) → Shv(X) is fully faithful, with essential image consisting of F ∈ Shv(X),
such that j∗F ∼= 0;

(2) The sequence

j!j
∗F → F → i!i

∗F (4.8)

is a fiber sequence for every F ∈ Shv(X).

Proof. We first prove i! is fully faithful. This is equivalent to proving i∗i∗ ∼= id. Using Yoneda lemma and
the fact that HomC (x, y) = lim←−i

HomCi(xi, yi) whenever one has C = lim←−i
Ci ∈ LinCatk and xi, yi ∈ Ci are

the images of x, y ∈ C , one can reduce to the case that X is a qcqs scheme. By continuity of i∗i∗ in this
case, one only needs to prove i∗i∗F ∼= F for F ∈ Shvc(Z) coming from a finite type scheme, in which case
the statement is well-known.

Then it is clear that (2) implies (1). To prove (2), the same argument as above helps us reduce to the
case that X is a finite type scheme, in which the statement is well-known.

□
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4.1.4. Cotruncated sheaves. For a general stack X, Shv(X) is too large. One main cause is that we use the
right Kan extension to extend the sheaf theory from qcqs schemes to all stacks, while in applications, we
only care about sheaves enjoying certain finiteness properties concerning a specific presentation of X. In
this section, we introduce the cotruncated sheaves to single out the sheaves that we care about.

This section is not essentially used in this article. One can avoid introducing this notion by working
with Schubert cells of Hecke stacks instead of the entire Hecke stack in §4.3.1. We introduce this notion to
compare with the sheaf theory in [BZSV24] (see Example 4.17) and simplify the notation in §4.3.1.

Definition 4.13. Let X be a stack. We define a cotruncated presentation of X to be the following data

(1) a Z-indexed (for simplicity) ind-system {Xn}n∈Z ∈ IndStack,
(2) an equivalence X ∼= lim−→n

Xn in Stack,

such that each transition map in : Xn ↪→ Xn+1 is a closed immersion of finite presentation.

By Proposition 4.12 (1), each in,! : Shv(Xn)→ Shv(X) is fully faithful.

Remark 4.14. Note that Shv(X) ∼= lim←−n
Shv(Xn) with transition maps given by i∗n, again by [Lur18,

Proposition 6.2.1.9]. Contrary to the case in Proposition 4.2, the transition maps i∗n do not have a continuous
left adjoint, so we can not rewrite Shv(X) as a colimit. Therefore, objects in Shv(X) in general do not enjoy
the finiteness property coming from Shv(Xn), unlike its dual counterpart !-sheaf theory (considered for
example in [AGK+22c, §F]).

Definition 4.15. We define the category of cotruncated sheaves on X (associated to the cotruncated pre-
sentation X = lim−→n

Xn) to be

Shv∗(X) := lim−→
n

Shv(Xn)

where the transition maps are given by in,∗.

Remark 4.16.

(1) Shv∗(X) depends on the choice of a cotruncated presentation of X. In applications, we choose
specific cotruncated representations of the spaces we study.

(2) There is a fully faithful embedding Shv∗(X) ↪→ Shv(X), and we can view Shv∗(X) as a subcategory
of Shv(X).

(3) If X is an ind-scheme and X ∼= lim−→n
Xn with Xn of finite type and transition maps that are

closed embeddings (sometimes called strict ind-schemes), then Shv∗(X) is isomorphic to Shv!(X) :=
lim←−n

Shv(Xn), where transition maps are given by i!n.

Example 4.17. Let G be a split reductive group acting on an affine smooth scheme X. Consider the loop
stack (with cotruncated presentation) LX/L+G⋊Aut(D) = lim−→n

L≥−nX/L+G⋊Aut(D) as defined in §4.3.1.
It is easy to see that all the transition maps in : L≥−nX/L+G ⋊ Aut(D) → L≥−n−1X/L+G ⋊ Aut(D) are
of finite presentation. Then Shv∗(LX/L

+G⋊Aut(D)) = lim−→n
Shv(L≥−nX/L+G⋊Aut(D)) with transition

maps ∗-push. We also have Shv∗(LX/L
+G) = lim−→n

Shv(L≥−nX/L+G). Therefore, the full subcategory

Shv∗(LX/L
+G) ⊂ Shv(LX/L+G) is the same as the large category of safe ∗-sheaves SHV∗s(XF /GO) defined

in [BZSV24, §7.2.3, §B.7].

Definition 4.18. Let X be a stack with cotruncated presentation X = lim−→n
Xn and P be a property of

morphisms (of qcqs schemes) stable under base change such that all closed immersions of finite presentation
satisfy P . Let Y be a stack. We say f : X → Y is ind-P , if each induced morphism fn : Xn → Y has
property P .

Remark 4.19. Our definition of being ind-P depends on a cotruncated presentation of the source stack.

Example 4.20. If f : X = lim−→n
Xn → Y is ind-fp, then the induced maps fn give

fn,! : Shv(Xn)→ Shv(Y )

and we obtain a functor
f! : Shv∗(X)→ Shv(Y )

by passing to colimit. Moreover, if f is ind-proper, we have a canonical isomorphism f! ∼= f∗ : Shv∗(X) →
Shv(Y ).
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4.1.5. Derived fundamental class. In this section, we temporarily work with derived algebraic geometry.
Since the derived aspect will be used only in §5.1 in a mild way, we do not recall this theory and refer the
readers to the literature (e.g. [Toë14], [Lur04], etc.).

Definition 4.21 (Derived fundamental class). Consider a square of derived stacks which is Cartesian on
the classical truncation

A B

C D

a

f g

b

where C,D are derived Artin stacks and b is (representable) quasi-smooth of relative dimension d. Then
there exists a natural map

[a] : kA → a!kB⟨−2d⟩ (4.9)

defined as the composition

kA
∼→ f∗kC

[b]−→ f∗b!kD⟨−2d⟩ → a!g∗kD⟨−2d⟩
∼→ a!kB⟨−2d⟩ (4.10)

Where [b] := [C/D] is the purity transformation for quasi-smooth maps between derived Artin stacks defined
in [Kha19, Remark 3.8].

In this case, we say that the map a : A → B is quasi-smooth, and we call the map (4.9) the derived
fundamental class of the quasi-smooth map a. When A, B themselves are derived Artin stacks, it follows
from [Kha19, Theorem3.13] that this notion of quasi-smoothness and derived fundamental class coincides
with the usual one in loc.cit.

Remark 4.22. The condition that b is representable is not necessary.

Remark 4.23. We do not try to address the question concerning the dependence of the bottom map
b : C → D in the construction of [a] and the notion of quasi-smoothness. Whenever we use Definition 4.21
for non-Artin stacks, the choice of the bottom map b will be specified or clear from the context.

Lemma 4.24. In the situation of Definition 4.21, suppose we have a commutative diagram of Artin stacks

A B

S

p

a

q

where p, q are smooth. Then the map

[a] : kA → a!kB⟨−2d⟩
is an isomorphism. Here d is the relative dimension of a. Moreover, for any F ∈ Shv(S), we have a canonical
isomorphism

[a] : p∗F ∼→ a!q∗F⟨−2d⟩.

Proof. This follows from

p∗F ∼→ p!F⟨−2 dim(p)⟩ ∼→ a!q!F⟨−2 dim(p)⟩ ∼→ a!q∗F⟨−2d⟩

and the construction of [a]. □

4.1.6. Base change compatibilities. In this article, we are going to use many compatibilities between base
change morphisms. These compatibilities are tautologically encoded in the six-functor formalism. We do
not spell out all of them, but only give one typical example. The proof of other compatibilities will be the
same as the following one:

Lemma 4.25. Consider a Cartesian square of stacks

A B

C D

a

f g

b

⌟ . (4.11)
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Suppose f , g are representable of finite presentation, then we have the following commutative diagram

g! b∗b
∗g!

g!a∗a
∗ b∗f!a

∗

(4.12)

Proof. Recall the natural base change map g!a∗ → b∗f! used in the bottom of (4.12) is the Beck-Chevalley
base change map induced from the proper base change map b∗g! ∼= f!a

∗, which is defined as the composition

g!a∗ → b∗b
∗g!a∗ ∼= b∗f!a

∗a∗ → b∗f!. (4.13)

Then the commutativity of (4.12) following from the tautological commutativity of the following diagram

g! b∗b
∗g! b∗f!a

∗

g!a∗a
∗ b∗b

∗g!a∗a
∗ b∗f!a

∗a∗a
∗ b∗f!a

∗

.

□

Remark 4.26. When b is D-proper in the sense of [HM24, Definition 4.6.1(b)] (hence a is D-proper as well),
besides the Beck-Chevalley base change map g!a∗ → b∗f! defined in (4.13), we also have another natural map
defined as the composition g!a∗ ∼= g!a! ∼= b!f! ∼= b∗f!. One can easily check that these two natural maps are
homotopic to each other: Using the inductive definition of D-properness in [HM24, Definition 4.6.1(b)] and
the definition of natural isomorphisms b! ∼= b∗ and a! ∼= a∗ in [HM24, Definition 4.6.4(ii)], one can reduce to
the case where a, b are isomorphisms, and then the statement is trivial.

4.2. Cohomological correspondence with kernel. In this section, we briefly review the notion of coho-
mological correspondence used in [FYZ23] and many other places. Compared to [FYZ23], we only consider
Cartesian pull-back functoriality, but we need to put a kernel in the cohomological correspondence and work
over non-Artin stacks. This is a mild generalization given §4.1, and readers familiar with the cohomological
correspondences in [FYZ23] can safely skip this part.

4.2.1. Pushable squares. In this section, we briefly review the notion of pushable squares introduced in
[FYZ23, §3.1].

A square of stacks

A B

C D

g′

f ′ f

g

(4.14)

is called pushable if the map a : A→ B̃ in the following diagram is proper

A

B̃ B

C D

g′
a

f ′
g̃

f̃ f

g

⌟
. (4.15)

Here B̃ := C ×D B.
A pushable diagram in which f and f ′ are fp induces a natural base change natural transformation

g∗f! → f ′! g
′∗ (4.16)

via

g∗f!
∼→ f̃!g̃

∗ → f̃!a∗a
∗g̃∗

∼→ f ′! g
′∗.

The following basic lemma is well-known:
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Lemma 4.27. Consider a diagram of stacks

A B C

D E F

p′

f

q′

g h

p q

where both squares are pushable. Then the outer square is also pushable, and we have commutative diagrams

h∗q!p! q′!g
∗p! q′!p

′
!f
∗

h∗(q ◦ p)! (q′ ◦ p′)!f∗
∼ ∼

and

p∗q∗h! p∗g!q
′∗ f!p

′∗q′∗

(q ◦ p)∗h! f!(q
′ ◦ p′)∗

∼ ∼ .

Here we assume that all the functors involved above are defined.

Proof. When all the stacks involved are Artin stacks, this is [FYZ23, Proposition 3.2.3&Proposition 3.2.4].
The proof in loc.cit carries to general case given Lemma 4.25. □

4.2.2. Definition. Consider a correspondence between stacks

C

Y X

g f

where g is of finite presentation.

Definition 4.28. For any F ∈ Shv(X), G ∈ Shv(Y ) and K ∈ Shv(C), a cohomological correspondence (of
degree d) between F and G (supported on C with kernel K) is an element

c ∈ CorrC,K(F ,G⟨d⟩) := Hom0(g!(f
∗F ⊗K),G⟨d⟩) ∼→ Hom0(f∗F ⊗K, g!G⟨d⟩).

Remark 4.29. In our application, we also need the case where C carries a cotruncated presentation (Defi-
nition 4.13) such that g is ind-fp and K ∈ Shv∗(C). All results in §4.2 can be generalized to this case without
difficulty.

Example 4.30 (Tautological correspondence). Consider the correspondence of stacks

Y

Y X

id f .

Given a sheaf F ∈ Shv(X), we have a tautological element

tautf ∈ CorrY,kY
(F , f∗F).

When f has the form of a projection f : Y = X × Z → X, we also write tautZ := tautf .

Example 4.31 (Fundamental class). Consider correspondence

X

Y X

g id

where g is smooth of dimension dg. Given a sheaf G ∈ Shv∗(Y ), we have a element

[g] ∈ CorrX,kX
(g∗G,G⟨−2dg⟩)
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given by the relative fundamental class [g] : g∗F → g!F⟨−2dg⟩ in Lemma 4.24. When g has the form of a
projection g : Y × Z → Y , we also write [Z] := [g].

4.2.3. Functoriality. We now introduce the pull-back and push-forward of cohomological correspondence.
Consider a commutative diagram of correspondence between stacks (a map of correspondences) in which g
and g̃ are of finite presentation:

Ỹ C̃ X̃

Y C X

qY

g̃ f̃

q qX

g f

. (4.17)

Moreover, assume we are given K ∈ Shv(C) and K̃ ∈ Shv(C̃) equipped with a morphism

α : q∗K → K̃. (4.18)

We first introduce pull-back functoriality as defined in [FYZ23, Section 4.4]. While the definition in
[FYZ23] applies whenever the left square is pullable, we only need the case that the special case that the left
square is Cartesian.8

Definition 4.32. When the left-square in (4.17) is Cartesian and the map α in (4.18) is an isomorphism,
we say that q is Cartesian pullable. In this case, for each cohomological correspondence

c ∈ CorrC,K(F ,G⟨d⟩)
where F ∈ Shv(X),G ∈ Shv(Y ), we define its pull-back along q to be the element

q∗(c) ∈ CorrC̃,q∗K(q
∗
XF , q∗Y G⟨d⟩)

as the image of c along the map

CorrC,K(F ,G⟨d⟩) = Hom0(g!(f
∗F ⊗K),G⟨d⟩)

→ Hom0(q∗Y g!(f
∗F ⊗K), q∗Y G⟨d⟩)

∼→ Hom0(g̃!q
∗(f∗F ⊗K), q∗Y G⟨d⟩)

∼→ Hom0(g̃!(f̃
∗q∗XF ⊗ q∗K), q∗Y G⟨d⟩)

= CorrC̃,q∗K(q
∗
XF , q∗Y G⟨d⟩)

.

Now we introduce push-forward functoriality as defined in [FYZ23, Section 4.3].

Definition 4.33. When the right square in (4.17) is pushable in the sense of §4.2.1 and the vertical maps
are fp, we say that q is pushable. In this case, we define the push-forward of cohomological correspondence
along q as follows: For each cohomological correspondence

c ∈ CorrC̃,K̃(F̃ , G̃⟨d⟩)

where F̃ ∈ Shv(X̃) and G̃ ∈ Shv(Ỹ ), we define its push-forward along q to be the element

q!(c) ∈ CorrC,K(qX,!F̃ , qY,!G̃⟨d⟩)
defined as the image of c along the map

CorrC̃,K̃(F̃ , G̃⟨d⟩) = Hom0(g̃!(f̃
∗F̃ ⊗ K̃), G̃⟨d⟩)

→ Hom0(qY,!g̃!(f̃
∗F̃ ⊗ q∗K), qY,!G̃⟨d⟩)

∼→ Hom0(g!q!(f̃
∗F̃ ⊗ q∗K), qY,!G̃⟨d⟩)

∼→ Hom0(g!(q!f̃
∗F̃ ⊗ K), qY,!G̃⟨d⟩)

→ Hom0(g!(f
∗qX,!F̃ ⊗ K), qY,!G̃⟨d⟩)

= CorrC,K(qX,!F̃ , qY,!G̃⟨d⟩)

where the fifth map uses the base change for pushable square (4.16).

8While the pull-back functoriality along pullable maps of correspondences in [FYZ23, Section 4.4] is subtle, the Cartesian

pull-back functoriality is trivial.
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4.2.4. Composition. Consider the following diagram of correspondences of stacks with leftwards maps fp

E

D C

Z Y X

h′g′

hi fg

(4.19)

where the square is Cartesian. Given KC ∈ Shv(C), KD ∈ Shv(D), F ∈ Shv(X), G ∈ Shv(Y ), H ∈ Shv(Z).
Define KE := g′∗KD ⊗ h′∗KC . For every d1, d2 ∈ Z, there is an obviously defined map

CorrD,KD
(G,H⟨d2⟩)⊗ CorrC,KC

(F ,G⟨d1⟩)→ CorrE,KE
(F ,H⟨d1 + d2⟩) (4.20)

which would be denoted

c2 ⊗ c1 7→ c2 ◦ c1. (4.21)

This is what we call the composition of cohomological correspondences.

4.2.5. Compatibilities. In this section, we state all the compatibilities between the three operations on co-
homological correspondences: push-forward Definition 4.33, pull-back Definition 4.32, and composition in
§4.2.4. There is a compatibility for each pair of the three operations above, which gives us six different
compatibilities. All of them except the base change compatibility between push and pull are easy to state
and prove given Lemma 4.27. We only state the base change compatibility and leave the routine proof to
the reader.

Proposition 4.34. Suppose that we have a commutative square of correspondences of stacks

Y4 C4 X4

Y2 C2 X2

Y3 C3 X3

Y1 C1 X1

pY,42
pY,43

g4 f4

pC,42 pC,43

pX,42

pX,43

pY,21

g2 f2

pC,21 pX,21

pY,31

g3 f3

pC,31
pX,31

g1 f1

such that all three left and right faces of the cubes are Cartesian squares and gi are of finite presentation for
all i. Given any

• F3 ∈ Shv(X3), G3 ∈ Shv(Y3), K1 ∈ Shv(C1) K3 ∈ Shv(C3),
• α31 : p∗C,31K1 → K3,
• integer d,

we set

• F1 = pX,31,!F3, F4 = p∗X,43F3, F2 = p∗X,21F1
∼= pX,42,!F4 and similarly for Gi;

• K2 = p∗C,21K1 and K4 = p∗C,43K3;
• α42 = p∗C,43α31 : p∗C,42K2 → K4.

If pC,31 and pC,42 are pushable as in Definition 4.33, and pC,21 and pC,43 are Cartesian pullable as in
Definition 4.32, then we have an identity

p∗C,21 ◦ pC,31,! = pC,42,! ◦ p∗C,43 : CorrC3,K3
(F3,G3⟨d⟩)→ CorrC2,K2

(F2,G2⟨d⟩).

Proof. The only slightly non-obvious part is provided by Lemma 4.27. □
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4.3. Geometric setup. We now introduce the geometric objects involved in this article. We remind the
reader again that all the stacks in this section will be non-derived. Experienced readers can skip this part
and come back for notations (see §4.3.5 for a summary of notations).

Warning 4.35. To simplify the notations, we do not include the half-spin twist as in [BZSV24, §10] in the
definition of various moduli spaces. This makes all our constructions different from the normalization in
loc.cit unless the Ggr-action on X is trivial. We leave to §4.6.1 for necessary modifications in the general
case.

4.3.1. Moduli spaces. Throughout this section, we fix an affine smooth G-variety X = SpecA together with
a closed embedding X ⊂ V where V is a finite-dimensional representation of G regarded as a G-variety.

We start from the local theory. We use L+X ∈ Schqcqs to denote the jet space of X which is defined as

L+X : Affop → Spc

L+X(R) = X(R[[t]]).

We use LX ∈ Stack to denote the loop space defined as

LX : Affop → Spc

LX(R) = X(R((t))).

The loop space LX carries a natural cotruncated presentation LX = lim−→n
L≥−nX where the closed sub-

functor L≥−nX ⊂ LX is defined by requiring the images of degree one generators of O(V ) under the map
O(V )→ A→ R((t)) factor through t−nR[[t]] ⊂ R((t)).

When we take X = G, the construction above gives us the jet group scheme L+G and loop group LG.
We use Aut(D) ∈ Sch to denote the group scheme of automorphisms of the formal disk D = SpecFq[[t]]

preserving the center of the disc, i.e., those automorphisms which are id mod t. We have Aut(D) =
Aut(D)u ⋊Gm, where Aut(D)u is the pro-unipotent radical of Aut(D). There is a natural action of Aut(D)
on L+X and LX.

Throughout this section, we fix a geometrically connected smooth projective curve C ∈ Sch. There is a
natural map of stacks Coor : C → BAut(D) given by the canonical étale Aut(D)-torsor of local coordinates
of C.

Now we come to the semi-local version of the constructions above. Following [KV04] (See also [Ras16,
§2]), we now define the jet and loop spaces over the curve C. For each finite set I, we denote the (multi)jet
scheme of X over CI by (L+X)CI ∈ Sch whose S-points for S ∈ Aff are given by

(L+X)CI (S) = {cI ∈ CI(S) and DcI → X},
where DcI is the formal completion of C × S along the graph ΓcI of cI . We use lsl,I : (L+X)CI → CI to
denote the map remembering the legs.

We denote the (multi)loop space of X over CI by (LX)CI ∈ Stack whose S-points for S ∈ Aff are given
by

(LX)CI (S) = {cI ∈ CI(S) and D̊cI → X},
where D̊cI is the punctured disc along the graph ΓcI of cI defined in [Ras16, §2.6]. We use lsl,I : (LX)CI → CI

to denote the map remembering the legs.
For each subset J ⊂ I we also consider the closed substack (LX)CJ⊂I ⊂ (LX)CI defined by

(LX)CJ⊂I (S) = {cI ∈ CI(S) and DcI\ΓcJ → X}.
Finally, we define moduli spaces involved in global theory. We use BunG ∈ Stack to denote the moduli

of G-bundles on the curve C and BunXG ∈ Stack to denote the moduli of G-bundles on C together with a

regular X-section. More specifically, the S-points of BunXG for S ∈ Aff is given by

BunXG (S) = {p : E → C × S an étale G-torsor on C × S and s : C × S → X ×G E a section of p}.

For each finite set I, we use BunXG,I ∈ Stack to denote the moduli of G-bundles with a rational X-section

which is regular away from legs indexed by I. Precisely, for each S ∈ Aff, we define the S-points of BunXG,I

to be

BunXG,I(S) = {(cI , E , s)|cI ∈ CI(S), E ∈ BunG(S), s is a section of X ×G E over C × S\ΓcI}.
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Finally, for each subset J ⊂ I, we also have BunXG,J⊂I defined via the fiber product

BunXG,J⊂I BunXG,I

(L+X/L+G)CI−J (LX/L+G)CI−J

⌟ .

Now we introduce various versions of Hecke stacks. We define the local Hecke stack to be the étale
stack quotient HklG = (L+G\LG/L+G)/Aut(D) ∈ Stack, which is also naturally a groupoid acting on

B(L+G ⋊ Aut(D)) with the target and source morphisms denoted by
−→
h l and

←−
h l. We use HkX̊,l

G ∈ Stack9

to denote the fiber product

HkX̊,l
G LX/(L+G⋊Aut(D))

HklG B(L+G⋊Aut(D))
−→
h l

⌟
.

More explicitly, the stack HkX̊,l
G is involved in the following correspondence:

HkX̊,l
G

LX ×L+G⋊Aut(D) LG⋊Aut(D)/L+G⋊Aut(D)

LX/L+G⋊Aut(D) LX/L+G⋊Aut(D)

∼

←−
h X

l

−→
h X

l

(4.22)

where
−→
h X

l (x, g) = x and
←−
h X

l (x, g) = xg for x ∈ LX and g ∈ LG⋊Aut(D).
For the finite set I = [r], we define the local iterated Hecke stack to be

H̃k
l

G,I := HklG×B(L+G⋊Aut(D)) · · · ×B(L+G⋊Aut(D)) HklG .

Similarly, we have the version with X-section given by the fiber product

H̃k
X̊,l

G,I LX/(L+G⋊Aut(D))

H̃k
l

G,I B(L+G⋊Aut(D))
−→
h l

⌟
.

For each finite set I, we define the semi-local Hecke stack over CI to be HkslG,I ∈ Stack with S-points
given by

HkslG,I(S) = {(cI , E0, E1, ϕ)|cI ∈ CI(S), E0, E1 are G-bundles on DcI , ϕ : E0|D̊cI

∼→ E1|D̊cI
}.

We denote the two maps remembering the G-bundles by
−→
h I,sl and

←−
h I,sl.

For each subset J ⊂ I, we define the J-th partial (semi-local) Hecke stack over CI to be HkslG,J⊂I ∈ Stack
with S-points given by

HkslG,J⊂I(S) = {(cI , E0, E1, ϕ) ∈ HkslG,I |cI ∈ CI(S), E0, E1 are G-bundles on DcI , ϕ : E0|DcI
\ΓcJ

∼→ E1|DcI
\ΓcJ
}.

We denote the two maps remembering the G-bundles by
−→
h J⊂I,sl and

←−
h J⊂I,sl. For each element x ∈ I, we

denote HkslG,x∈I := HkslG,{x}⊂I .

9We use X̊ rather than X here to emphasize that the X-section is not required to be regular for either G-torsors over the

disc.
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Moreover, given a partition I = J1 ⊔ · · · ⊔ Jn (which will be denoted by J• later), we have the iterated

semi-local Hecke stack H̃k
sl

G,J•
∈ Stack over CI defined as

H̃k
sl

G,J•
:= HkslG,J1⊂I ×B(L+G)CI

· · · ×B(L+G)CI
HkslG,Jn⊂I .

We denote the two maps remembering the (right-most and left-most) G-bundles by
−→
h J•,sl and

←−
h J•,sl.

Similar to the local setting, we can define HkX̊,sl
G,I ,HkX̊,sl

G,J⊂I , H̃k
X̊,sl

G,J•
by adding a X-section over the punc-

tured disc DcI to the original moduli problem of the Hecke stack. We also consider the closed substack

HkX̊J⊂I ,sl
G,J⊂I ⊂ HkX̊,sl

G,J⊂I by requiring that the X-section is regular on DcI\ΓcJ throughout the modification.

We also have three versions of global Hecke stacks HkgG,I ,HkgG,J⊂I , H̃k
X̊,g

G,J•
and the version with rational

X-section HkX̊,g
G,I ,HkX̊,g

G,J⊂I , H̃k
X̊,g

G,J•
,HkX̊J⊂I ,g

G,J⊂I .

4.3.2. Sheaves and categories. Consider

SatG := Shv∗(L
+G\LG/L+G)

and

SatG,ℏ := Shv∗(HklG)

where the cotruncated presentation of L+G\LG/L+G is given as usual. These categories are the usual

(monoidal) Satake categories without and with loop rotation. We also define SatnaiveG := D Sat♡G (with
respect to perverse t-structure). Then the classical geometric Satake equivalence proved in [MV07] gives an

equivalence of symmetric monoidal categories SatnaiveG
∼→ Rep(Ǧ), and the derived Satake equivalence proved

in [BF08] gives us equivalence of monoidal categories SatrenG
∼→ QCoh(ǧ∗(/Ǧ)10 and SatrenG,ℏ

∼→ ModǦ(Uℏ(ǧ
()),

where the shearing ǧ∗( = ǧ∗[2] is defined in §2.12 in which the Ggr-action on ǧ has weight −2. Note that

there is a natural equivalence of monoidal categories D Sat♡G,ℏ
∼→ D Sat♡G = SatnaiveG . This allows us to view

Rep(Ǧ)
∼→ SatnaiveG as full subcategories of both SatG and SatG,ℏ. For each V ∈ Rep(Ǧ)♡,ω, we write ICV

to be the corresponding element in SatG (or SatG,ℏ). By our convention §2.8, the sheaf ICV has parity
congruence to ⟨2ρ, λV ⟩ where λV ∈ X∗(T )+ is the highest weight of V .

Note that there are natural maps from various Hecke stacks defined in §4.3.1 to HklG (e.g. π : HkX̊,l
G →

HklG, f
Hk
x,sl→l : HkslG,I → HklG, etc). For each K ∈ SatG,ℏ, we still use K or Ki to denote the pull-back of K to

the corresponding Hecke stack. In particular, for each V ∈ Rep(Ǧ)♡,ω, we get sheaves ICV (ICV,x for x ∈ I)
on various Hecke stacks. Moreover, for V I ∈ Rep(ǦI)♡,ω, we get sheaves ICV I on various Hecke stacks via
pull-back and convolution.

Define SatX := Shv∗(LX/L
+G)11 and SatX,ℏ := Shv∗(LX/L

+G ⋊ Aut(D)). The category SatX is
naturally a module over SatG and the category SatX,ℏ is natural a module over SatG,ℏ. Explicitly, the
module structure is given by the following: For each F ∈ SatX,ℏ and K ∈ SatG,ℏ we define

K ∗ F :=
←−
h X

l,!(
−→
h X,∗

l F ⊗K) ∈ SatX,ℏ

where the maps
←−
h X

l ,
−→
h X

l are defined in (4.22). Note that for each leg x ∈ I, similar constructions define
actions of SatG,ℏ on

C = Shv(BunG×CI),Shv(BunXG,I),Shv((LX/L
+G)CI ),

and for F ∈ C and K ∈ SatG,ℏ, we denote the action at leg x by

K□⋆ xF ∈ C . (4.23)

For V I ∈ Rep(Ǧ), we define TV I :=
←−
h I,g,!(

−→
h ∗I,g(−)⊗ ICV I ) : Shv(BunG×CI)→ Shv(BunG×CI). These

are the Hecke operators considered in [AGK+22c]. By our convention, we have ICV □⋆ − ∼= Tc∗V where
c : Ǧ→ Ǧ is the Cartan involution.

10Here by SatrenG we mean the renormalization such that constructible sheaves become compact.
11The category SatX is the same as the large category of safe ∗-sheaves SHV∗

s(XF /GO) defined in [BZSV24, §7.2.3, §B.7],

see Example 4.17.
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4.3.3. Unit object and the Plancherel algebra. The natural map il : L
+X/L+G ⋊ Aut(D) → LX/L+G ⋊

Aut(D) defines an object

δXl := il,∗k ∈ SatX,ℏ .

Consider similar natural maps iI,sl : (L
+X/L+G)CI → (LX/L+G)CI and iI,g : BunXG ×CI → BunXG,I , we

can define

δXI,sl := iI,sl,∗k ∈ Shv((LX/L+G)CI )

δXJ⊂I,sl := iJ⊂I,sl,∗k ∈ Shv((LX/L+G)CJ⊂I )

and

δXI,g := iI,g,∗k ∈ Shv(BunXG,I)

δXJ⊂I,g := iJ⊂I,g,∗k ∈ Shv(BunXG,J⊂I).

Regarding SatX,ℏ ∈ Mod(SatG,ℏ), from the object δXl we can construct its inner endomorphism algebra
object

PLX,ℏ := HomSatG,ℏ
(δXl , δ

X
l ) ∈ SatG,ℏ (4.24)

which is characterized by the property that for each object K ∈ SatG,ℏ there exists a functorial isomorphism

HomSatG,ℏ(K,HomSatX,ℏ
(δXl , δ

X
l )) = HomSatG,ℏ(K ∗ δXl , δXl ).

This is the (non-commutative) Plancherel algebra introduced in [BZSV24, §8.5]. Similarly, we can regard
δXl ∈ SatX ∈ Mod(SatG) and define the (commutative) Plancherel algebra

PLX := HomSatG
(δXl , δ

X
l ) ∈ SatG .

By replacing the monoidal categories SatG,ℏ and SatG by their common monoidal subcategory SatnaiveG
∼→

Rep(Ǧ), we can regard both Plancherel algebras as objects PLX,ℏ,PLX ∈ Rep(Ǧ) by applying the right

adjoint of the natural inclusion SatnaiveG → SatG,ℏ (and SatnaiveG → SatG). Note that PLX,ℏ is naturally

equipped with a map from the algebra (with trivial Ǧ-action) Γ(BAut(D), k)
∼→ Γ(BGm, k)

∼→ k[ℏ] where
the last isomorphism is normalized in §2.11.

The commutative and non-commutative Plancherel algebras are related by PLX
∼→ PLX,ℏ ⊗k[ℏ] k. We

have the following conjecture from [BZSV24]:

Conjecture 4.36. [BZSV24, Conjecture 8.1.8&8.5.2] Suppose the G-Hamiltonian space T ∗X is hyperspher-
ical, then the following properties hold:

(1) The non-commutative Plancherel algebra PLX,ℏ is flat over k[ℏ];
(2) The Plancherel algebra without loop rotation PLX is commutative;

(3) There is an isomorphism of Ǧ-equivariant commutative 2-shifted Poisson algebras PLX
∼→ O(M̌().

Moreover, there is a canonical isomorphism PLX,ℏ
∼→ Oℏ(M̌

() between quantization of both Poisson

algebras. Here M̌ is the hyperspherical dual of T ∗X introduced in §2.7, and the shearing M̌( is
defined in §2.12.12

Remark 4.37. We only state part of the conjectures made in [BZSV24], which is relevant to our article.

4.3.4. Period sheaf. Consider the map π : BunXG → BunG, we define the X-period sheaf to be

PX := π!kBunX
G
.

Remark 4.38. As we have mentioned in Warning 4.35, when we consider hyperspherical T ∗X (see §2.6 for
a setup), if the Ggr-action on X is trivial (equivalently speaking: when X is G-homogeneous), the object
PX is the unnormalized !-period sheaf introduced in [BZSV24, §10.3]. When the Ggr-action on X is non-
trivial, this is different from the unnormalized period sheaf in loc.cit by a half-spin twist. See §4.6.1 for a
modification in this case.

12When X is not homogeneous, one needs to twist the Ggr-action on M̌ or the SatG,ℏ-module structure on SatX,ℏ. We refer

to [BZSV24, §8] for details.
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4.3.5. Summary of notations. The notations in this section are complicated, and we will use them throughout
the article. We summarize the rules that we use to design our notations here for the convenience of the reader.

We use the word local to indicate moduli of something over the disc D (or punctured disc D̊). We use

semi-local to indicate moduli of something over the disc Dc (or punctured disc D̊c) for a moving point
c ∈ C (or several points c ∈ CI). We use the word global to indicate moduli of something over the curve (or
punctured curve, possibly several copies of the curve). Whenever we write a moduli (or map between moduli)
that is local/semi-local/global, we would add a subscript (or sometimes superscript) l, sl, g to indicate this
whenever it is unclear from other notations. We sometimes use the subscript sl → l, g → sl to indicate a
morphism is mapping from semi-local moduli to local moduli, or global moduli to semi-local moduli.

We always use Hk to indicate Hecke-type stacks (i.e., do modification one time, but can happen at several

legs) and H̃k to indicate iterated Hecke-type stacks (i.e, do modification several times). We use
←−
h and

−→
h

to denote the map sending a Hecke modification to its left-most object and right-most object, respectively.
We use the word leg to describe the point at which a Hecke modification happens or an X-section is not

required to be regular. We use a superscript Hk (or H̃k) on a morphism to indicate that the morphism is
between Hecke-type stacks.

We use a superscript X to indicate a moduli of objects equipped with an X-section (the X-section may
or may not be regular, depending on the context). When we use this for Hecke-type stacks, we sometimes

write X̊ to emphasize that the X-section is not required to be regular (This is to avoid confusion with the

relative Grassmanian GrXG in which the X-section is regular on both sides of the modification which will be
introduced in §5.1).

We use I to denote the index set of legs. We use the letter x to indicate an element x ∈ I. When we have
subscript J ⊂ I or x ∈ I, we mean the Hecke modification happens only at J (or i.e.{x}) or the X-section
is rational at J (or {x}).

We always use l to denote a map remembering all the legs. We use f to denote maps between moduli of
different levels (i.e., local/semi-local/global). We use i to denote maps from moduli with regular X-section
to moduli with meromorphic X-section. We use rx to denote a morphism remembering only information at
the leg x. We use π to denote maps forgetting the X-section. We use w to denote the maps forgetting the
legs. We use ∆ to denote diagonal-type maps.

When we write ICV , ICV I , we may mean sheaves on any Hecke-type stack (which would be clear from
the context) to which the intersection complexes in SatG can be pulled back as kernel sheaves for some
cohomological correspondence. We sometimes write ICV,x to indicate that the sheaf is pulled back from leg
x.

We use ∗ to denote the convolution in the local categories, and □⋆ to denote the action of objects in the
local categories on global/semi-local categories (or the action of kernel sheaves on some Hecke-type moduli
by pull-tensor-push). We sometimes use □⋆ x to indicate the action happens at leg x.

4.4. Construction of special cohomological correspondence. In this section, we introduce the local-
to-global construction of special cohomological correspondences. The main output of this section is Defini-
tion 4.41.

For notations on the moduli spaces and morphisms between them, we refer to §4.3.1 (see §4.3.5 for a
summary).

Definition 4.39. A local special cohomological correspondence of type V ∈ Rep(Ǧ)♡,ω of degree d is an
element

clV ∈ HomǦ(V ⟨−d⟩,PLX,ℏ).

Equivalently, consider the diagram (4.22), we can regard clV as a cohomological correspondence by the
tautological identification

HomǦ(V ⟨−d⟩,PLX,ℏ) = HomSatX,ℏ(ICV ∗δXl , δXl ⟨d⟩)

= Hom(
←−
h X

l,!(
−→
h X,∗

l δXl ⊗ ICV ), δ
X
l ⟨d⟩)

= Corr
HkX̊,l

G ,ICV
(δXl , δ

X
l ⟨d⟩)

.
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Now we apply the pull-back functoriality in §4.2.3 to produce special cohomological correspondences at
the semi-local and global levels. Consider the following diagram:

BunXG,{1} HkX̊,g
G,{1} BunXG,{1}

(LX/L+G)C HkX̊,sl
G,{1} (LX/L+G)C

LX/L+G⋊Aut(D) HkX̊,l
G LX/L+G⋊Aut(D).

f{1},g→sl fHk
{1},g→sl

←−
h X

{1},g
−→
h X

{1},g

f{1},g→sl

⌞

f{1},sl→l fHk
{1},sl→l

←−
h X

{1},sl
−→
h X

{1},sl

f{1},sl→l

⌟

⌞

←−
h X

l

−→
h X

l

⌟

(4.25)

Note that both left squares are Cartesian (in fact, all squares are Cartesian), from the isomorphisms

f∗{1},sl→lδ
X
l
∼→ δXsl and f∗{1},g→slδ

X
sl
∼→ δXg , we get cohomological correspondences

cslV := f∗{1},sl→lc
l
V ∈ Corr

HkX̊,sl
G,{1},ICV

(δXsl , δ
X
sl ⟨d⟩) (4.26)

and

cgV := f∗{1},g→slc
sl
V ∈ Corr

HkX̊,g
G,{1},ICV

(δXg , δ
X
g ⟨d⟩). (4.27)

Now we construct cohomological correspondences with legs indexed by a finite set I. To begin with, for
any x ∈ I, consider the following diagram

(LX/L+G)C HkX̊,sl
G,{1} (LX/L+G)C

(LX/L+G)Cx∈I HkX̊x∈I ,sl
G,x∈I (LX/L+G)Cx∈I

(LX/L+G)CI HkX̊,sl
G,x∈I (LX/L+G)CI

⌜

←−
h X

{1},sl
−→
h X

{1},sl

⌝rx,sl

ix∈I,sl

←−
h

Xx∈I
x∈I,sl

−→
h

Xx∈I
x∈I,sl

rHk
x,sl

iHk
x∈I,sl

rx,sl

ix∈I,sl

⌞

←−
h X

x∈I,sl

−→
h X

x∈I,sl

⌟

(4.28)

Note that all the squares above are Cartesian, and we have natural isomorphism r∗x,slδ
X
sl
∼→ δXx∈I,sl and

δXI,sl
∼→ ix∈I,sl,∗δ

X
x∈I,sl. By applying the pull-back functoriality for the upper diagram and push-forward

functoriality for the lower diagram, we get cohomological correspondences

cslV,x∈I := r∗x,slc
sl
V ∈ Corr

Hk
X̊x∈I ,sl

G,x∈I ,ICV,x

(δXx∈I,sl, δ
X
x∈I,sl⟨d⟩) (4.29)

and

cslV,x := ix∈I,sl,!c
sl
V,x∈I ∈ Corr

HkX̊,sl
G,x∈I ,ICV,x

(δXI,sl, δ
X
I,sl⟨d⟩). (4.30)

We also have a global counterpart of the picture above: Consider the diagram

BunXG,{1} HkX̊,g
G,{1} BunXG,{1}

BunXG,x∈I HkX̊x∈I ,g
G,x∈I BunXG,x∈I

BunXG,I HkX̊,g
G,x∈I BunXG,I

⌜

←−
h X

{1},g
−→
h X

{1},g

⌝
rx,g

ix∈I,g

←−
h

Xx∈I
x∈I,g

−→
h

Xx∈I
x∈I,g

rHk
x,g

iHk
x∈I,g

rx,g

ix∈I,g

⌞

←−
h X

x∈I,g

−→
h X

x∈I,g

⌟

. (4.31)

From the natural isomorphism r∗x,gδ
X
g
∼→ δXx∈I,g and δXI,g

∼→ ix∈I,g,∗δ
X
x∈I,g, we get cohomological correspon-

dences

cgV,x∈I := r∗x,gc
g
V ∈ Corr

Hk
X̊x∈I ,g

G,x∈I ,ICV,x

(δXx∈I,g, δ
X
x∈I,g⟨d⟩) (4.32)
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and

cgV,x := ix∈I,g,!c
g
V,x∈I ∈ Corr

HkX̊,g
G,x∈I ,ICV,x

(δXI,g, δ
X
I,g⟨d⟩). (4.33)

From now on, we drop the subscript J• in the notation for iterated Hecke stacks and always use the finest
partition. We are going to construct global special cohomological correspondences and variants out of local
special cohomological correspondences.

Definition 4.40. We define a local special cohomological correspondences datum to be a tuple

(I, V I , {clV x}x∈I)

where

• I is a finite set;
• V ⊠I ∈ Rep(ǦI)♡,ω;
• For each x ∈ I, clV x ∈ Corr

HkX̊,l
G ,ICV x

(δXl , δ
X
l ⟨dx⟩) is a local special cohomological correspondence of

degree dx as in Definition 4.39.

Set dI =
∑

x∈I dx to be the degree of (I, V I , {clV x}x∈I). Suppose I = [r].

(1) We define the local composition of (I, V I , {clV x}x∈I) to be the element

clV I := clV 1 ◦ · · · ◦ clV r ∈ Corr
HkX̊,l

G ,ICV ⊗I
(δXl , δ

X
l ⟨dI⟩), (4.34)

(2) We define the semi-local special cohomological correspondence of (I, V I , {clV x}x∈I) to be the element

cslV I ,I := cslV 1,1 ◦ · · · ◦ cslV r,r ∈ Corr
H̃k

X̊,sl

G,I ,ICV I

(δXI,sl, δ
X
I,sl⟨dI⟩)

∼→ Corr
HkX̊,sl

G,I ,ICV I
(δXI,sl, δ

X
I,sl⟨dI⟩); (4.35)

where the elements cslV x,x are defined in (4.30);

(3) We define the global special cohomological correspondence of (I, V I , {clV x}x∈I) to be the element

cg
V I ,I

:= cgV 1,1 ◦ · · · ◦ c
g
V r,r ∈ Corr

H̃k
X̊,g

G,I ,ICV I

(δXI,g, δ
X
I,g⟨dI⟩)

∼→ Corr
HkX̊,g

G,I ,ICV I
(δXI,g, δ

X
I,g⟨dI⟩), (4.36)

where the elements cgV x,x are defined in (4.33).

We are finally able to define special cohomological correspondences for the period sheaf PX .

Definition 4.41. Continuing the setting of Definition 4.40, consider the diagram

BunXG,I HkX̊,g
G,I BunXG,I

BunG×CI HkgG,I BunG×CI

πI

←−
h X

I,g

−→
h X

I,g

πHk
I

πI

⌞

←−
h I,g

−→
h I,g

⌟ (4.37)

where both squares are Cartesian. Note that we have natural isomorphism πI,!δ
X
I,g
∼→ PX ⊠ kCI .

(1) We define the extended special cohomological correspondence associated to (I, V I , {clV x}x∈I) to be
the element

cV I ,I := πI,!c
g
V I ,I

∈ CorrHkg
G,I ,ICV I

(PX ⊠ kCI ,PX ⊠ kCI ⟨dI⟩) (4.38)

where the element cg
V I ,I

is defined in (4.36);

(2) Consider the map wI : BunXG ×CI → BunXG . We define the special cohomological correspondence
associated to (I, V I , {clV x}x∈I) to be the element

cV I := [CI ] ◦ cV I ,I ◦ tautCI ∈ CorrHkg
G,I ,ICV I

(PX ,PX⟨dI − 2|I|⟩) (4.39)

where the cohomological correspondences tautCI , [CI ] are introduced in Example 4.30,Example 4.31.

4.5. Main result. In this section, we state the so-called automorphic commutator relation Conjecture 4.45
(partially proved in Theorem 4.47). This is the main result in §4.
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4.5.1. Local datum. We now introduce the local special cohomological correspondence datum needed to
formulate the commutator relation.

Setting 4.42. We fix a local special cohomological correspondence datum

(I, V I , {clV x}x∈I)
as in Definition 4.40, in which we take I = [r].

We fix x ∈ [r − 1] ⊂ I. Consider I ′ := I − {x, x + 1} and [I] := [r − 1]. Denote V = Vx and W = Vx+1.
Set dV = dx and dW = dx+1.

Consider swx,x+1 ∈ Aut(I) to be the element swapping x and x + 1, and ∆x,x+1 ∈ Hom(I, [I]) to be
the order-preserving map collapsing x and x+ 1. These maps induce natural maps swG,x,x+1 ∈ Aut(BGI),

∆G,x,x+1 ∈ Hom(BG[I], BGI). We denote V I,sw := sw∗G,x,x+1V
I ∈ Rep(ǦI)♡,ω and V [I] := ∆∗G,x,x+1V

I ∈
Rep(Ǧ[I])♡,ω.

Assume Assumption 4.43 (see below), we consider two more local special cohomological correspondence
data

(I, V I,sw, {clV x}x∈I)
and

([I], V [I], {clV x}x∈[I])
where the local special cohomological correspondences remain to be the old ones except we choose

clV x⊗V x+1 ∈ Corr
HkX̊,l

G ,ICV x⊗V x+1
(δXl , δ

X
l ⟨dx + dx+1 − 2⟩). (4.40)

to be the element in Assumption 4.43 (2).
From these local cohomological correspondences, we can run the construction in §4.4 and get

cV I ∈ CorrHkg
G,I ,ICV I

(PX ,PX⟨dI − 2|I|⟩), (4.41)

cV I,sw ∈ CorrHkg
G,I ,ICV I,sw

(PX ,PX⟨dI − 2|I|⟩), (4.42)

and
cV [I] ∈ CorrHkg

G,[I]
,IC

V [I]
(PX ,PX⟨dI − 2|I|⟩) (4.43)

defined in (4.39). Here we are using d[I] − 2|[I]| = (dI − 2)− 2(|I| − 1) = dI − 2|I| in the last formula.

4.5.2. Fusion procedure. Consider the diagram of correspondence

BunG HkgG,[I] BunG

BunG HkgG,I BunG

id ∆Hk
x,x+1

←−
h [I],g

−→
h [I],g

id
←−
h I,g

−→
h I,g

. (4.44)

Note that we have an isomorphism ∆Hk∗

x,x+1 ICV I
∼→ ICV [I] . The push-forward functoriality in Definition 4.33

gives us
∆Hk

x,x+1,!cV [I] ∈ CorrHkg
G,I ,ICV I

(PX ,PX⟨dI − 2|I|⟩). (4.45)

4.5.3. Commutator in the Plancherel algebra. The natural multiplication map m : PLX,ℏ ⊗PLX,ℏ → PLX,ℏ
on the (non-commutative) Plancherel algebra can be characterized as following: Given V,W ∈ Rep(Ǧ)♡,ω

and
clV ∈ CorrHkl

G,ICV
(δXl , δ

X
l ⟨dV ⟩),

clW ∈ CorrHkl
G,ICW

(δXl , δ
X
l ⟨dW ⟩),

the product V ⊗W ⟨−dV − dW ⟩ → PLX,ℏ ⊗ PLX,ℏ → PLX,ℏ is defined by

clV⊠W = clV ◦ clW ∈ CorrHkl
G,ICV ⊗W

(δXl , δ
X
l ⟨dV + dW ⟩).

Similarly, we have
clW⊠V ∈ CorrHkl

G,ICW⊗V
(δXl , δ

X
l ⟨dV + dW ⟩).

Using the natural isomorphism

CorrHkl
G,ICW⊗V

(δXl , δ
X
l ⟨dV + dW ⟩)

∼→ CorrHkl
G,ICV ⊗W

(δXl , δ
X
l ⟨dV + dW ⟩),
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we can view both clV⊠W and clW⊠V as elements in the same vector space CorrHkl
G,ICV ⊗W

(δXl , δ
X
l ⟨dV + dW ⟩).

We denote

[clV , c
l
W ] := clV⊠W − clW⊠V .

We make the following assumption:

Assumption 4.43. The following two things hold:

(1) The multiplication-by-ℏ map

·ℏ : Hom0(V ⊗W ⟨−dV − dW + 2⟩,PLX,ℏ)→ Hom0(V ⊗W ⟨−dV − dW ⟩,PLX,ℏ)

is injective;
(2) There exists an element clV⊗W ∈ Hom0(V ⊗W ⟨−dV − dW + 2⟩,PLX,ℏ) such that

clV⊗W · ℏ = [clV , c
l
W ].

Remark 4.44. Note that in the case T ∗X is a hyperspherical G-Hamiltonian space, Assumption 4.43 above
is a direct consequence of Conjecture 4.36.

4.5.4. Automorphic commutator relations. Assume we are in Setting 4.42, we get three special cohomological
correspondences

cV I , cV I,sw ,∆Hk
x,x+1,!cV [I] ∈ CorrHkg

G,I ,ICV I
(PX ,PX⟨dI − 2|I|⟩)

where the last one is defined in (4.45). Our main conjecture in this section is the following:

Conjecture 4.45 (Automorphic commutator relation). Under Setting 4.42, we have the following identity:

cV I − cV I,sw = ∆Hk
x,x+1,!cV [I] ∈ CorrHkg

G,I ,ICV I
(PX ,PX⟨dI − 2|I|⟩).

We are currently not able to prove Conjecture 4.45 in general but are only able to prove it under some
additional technical assumptions. The additional condition we have to add is the following:

Assumption 4.46. The following hold:

(1) For d = 1, 2, 3, we have Hom0(V ⊗W ⟨−dV − dW + 2⟩[d],PLX,ℏ) = 0
(2) Let g = g(C) to be the genus of the curve C. We have g ̸= 1.

Our main theorem in this section is the following, which will be proved in §4.7:

Theorem 4.47. Assume Assumption 4.46, then Conjecture 4.45 is true.

Remark 4.48. We are mostly interested in the middle-dimensional case (i.e. dV + dW = 2, see Assump-
tion 5.4) and T ∗X is tempered hyperspherical as defined in §2.7. In this case, Assumption 4.46 (1) just
follows from Conjecture 4.36 (3) which implies that PLX,ℏ is concentrated in nonnegative cohomological
degree.

Therefore, Assumption 4.46 (1) conjecturally holds in the middle-dimensional tempered case. Assump-
tion 4.46 (2) is more restrictive, and we would like to remove it in the future. We believe that all the
additional assumptions in Assumption 4.46 can be removed at the same time once a more essential argument
is discovered.

Remark 4.49. One can also formulate and prove Conjecture 4.45 without assuming Assumption 4.46 when
taking C = [A1/Gm]. The key point making this case provable is that Lemma 4.61 is automatically true
in this case. This is the reason that we believe Conjecture 4.45 is true even without Assumption 4.46. We
would hope one can prove Conjecture 4.45 by reducing to the case C = [A1/Gm], but we do not know how
to achieve this.

Remark 4.50. Instead of using the Plancherel algebra with loop rotation, it may be more conceptual to
formulate Conjecture 4.45 using the E2-Plancherel algebra and factorization structure developed in [BZSV24,
§16]. However, as far as we know, the factorizable local conjecture is far from being known or even well-
formulated, while the loop-rotated version seems to be reachable or known in many cases. Therefore, we
choose to use the loop-rotated version rather than the factorizable version.

4.6. Variants. In this section, we introduce variants of constructions in §4. This section is not used elsewhere
in the article, just for completeness.
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4.6.1. Modification when X is non-homogeneous. When X is a G×Ggr-variety (see §2.6 for notations) where
the Ggr-action on X is non-trivial, we need to modify the definition of the period sheaf to match the definition

in [BZSV24, §10.2&10.3]. We now recall their definition. We define BunX,true
G as the fiber product

BunX,true
G Map(C, [X/G×Ggr])

BunG BunG×Ggr

π

id×Ω1/2

⌟ (4.46)

where Ω1/2 is chosen in (2.17). Intuitively speaking, BunX,true
G is the moduli of G-bundles together with a

X ⊗ Ω1/2-section.

Definition 4.51. We define the (true) period sheaf Ptrue
X to be

Ptrue
X := π!kBunX,true

G
.

When the Ggr-action on X is trivial, this coincides with the period sheaf in §4.3.4.
All the constructions in §4.3 carries to this setting: For global or semi-global moduli spaces, one just

replace the word ”X-section” by ”X ⊗ Ω1/2-section” and everything else is unchanged; For local moduli
spaces, we use LX/(L+G×L+Ggr)⋊Aut(D) instead of LX/L+G⋊Aut(D). We can modify the definition
of the Plancherel algebra in §4.3.3 to be

PLX,ℏ,true := EndSatG,ℏ(δ
X
l , δ

X
l ) (4.47)

where δXl is push-forward of the constant sheaf kL+X/(L+G×L+Ggr)⋊Aut(D). Then all the discussion in §4
carries over without difficulty. We leave it to the reader.

4.6.2. Normalized version. We continue to live in the setting of §4.6.1, and we assume T ∗X is hyperspherical
in the sense of §2.6. We now recall the definition of normalized Period sheaf and normalized Hecke action
introduced in [BZSV24, §7.4&10.4].

Recall the character η : G→ Gm in §2.6. It induces a map deg : LG→ Z and deg : BunG → Z by

deg(g) = val(η(g)) (4.48)

and

deg E = deg(η(E)) (4.49)

where val : LGm → Z and deg : BunGm
→ Z are the obvious maps, g ∈ LG and E ∈ BunG

We define the normalized Hecke action of SatG,ℏ on various categories by

K ∗norm • := K⟨deg⟩ ∗ • (4.50)

for K ∈ SatG,ℏ. Here deg : LG→ Z is defined in (4.48). We make a similar construction for the action □⋆ of
SatG,ℏ on semi-local and global categories in (4.23).

We define the normalized period sheaf to be

Pnorm
X := Ptrue

X ⟨deg+(g − 1)βX⟩ (4.51)

where deg : BunG → Z is defined in (4.49) and βX is defined in (2.15).
Then all the discussion in §4 carries over without difficulty. We leave it to the reader.

4.7. Proof of global commutator relations. In this section, we give the proof of Theorem 4.47. The
idea is easy: One first reduces to the case |I| = 2, which is done in §4.7.1. After that, one reduces to a
semi-local statement (Conjecture 4.56), which is the main subject of §4.7.2 and §4.7.3. Finally, one relates
the semi-local statement to the local commutator relation Assumption 4.43 (2) and concludes the proof in
§4.7.4.
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4.7.1. Reduction to the case |I| = 2. To reduce the proof of Conjecture 4.45 to the case |I| = 2, by compat-
ibility of push-forward functoriality in Definition 4.33 and composition in §4.2.4, we only need to prove the
following:

Proposition 4.52. Under Setting 4.42, we have

cV I = cV 1 ◦ cV 2 ◦ · · · ◦ cV r ∈ Corr
H̃k

g

G,I ,ICV I
(PX ,PX⟨dI − 2|I|⟩) ∼→ CorrHkg

G,I ,ICV I
(PX ,PX⟨dI − 2|I|⟩)

where cV I and cV x for x ∈ I are both defined via (4.39).

Proof of Proposition 4.52. We use C1, · · · , Cr to distinguish the different factors of CI . By (4.36), (4.38),
(4.39), and compatibility of push-forward and composition (and compatibility between pull-back and com-
position), we know

cV I = [CI ] ◦ cV 1,1 ◦ cV 2,2 ◦ · · · ◦ cV r,r ◦ tautCI .

On the other hand, we have

cV 1 ◦ cV 2 ◦ · · · ◦ cV r = [C1] ◦ cV 1,1 ◦ tautC1 ◦ · · · ◦ [Cr] ◦ cV r,r ◦ tautCr .

Then it is easy to check that one can exchange two correspondences appearing in the formula above whenever
they have different subindices x ∈ I. □

4.7.2. A reformulation of Conjecture 4.45. From now on, we assume I = {1, 2} and [I] = {1}.
Conjecture 4.45 is formulated in terms of special cohomological correspondences (4.39). In this section,

we reformulate Conjecture 4.45 using (4.38).
Consider the diagram

BunG×C HkgG,{1} BunG×C

BunG×C2 HkgG,{1,2} BunG×C2

id×∆C ∆Hk
g

←−
h {1},g

−→
h {1},g

id×∆C

←−
h {1,2},g

−→
h {1,2},g

. (4.52)

We have a map

coev :CorrHkg
G,{1},ICV ⊗W

(PX ⊠ kC ,PX ⊠ kC⟨dV + dW − 2⟩)

→CorrHkg
G,{1,2},ICV ⊠W

(PX ⊠ kC2 ,PX ⊠ kC2⟨dV + dW ⟩)
(4.53)

defined by

coev :CorrHkg
G,{1},ICV ⊗W

(PX ⊠ kC ,PX ⊠ kC⟨dV + dW − 2⟩)

=Hom(ICV⊗W □⋆ (PX ⊠ kC),PX ⊠ kC⟨dV + dW − 2⟩)
∼→Hom((id×∆C)

∗ ICV⊠W □⋆ (PX ⊠ kC2), (id×∆C)
∗PX ⊠ kC2⟨dV + dW − 2⟩)

∼→Hom((id×∆C)
∗ ICV⊠W □⋆ (PX ⊠ kC2), (id×∆C)

!PX ⊠ kC2⟨dV + dW ⟩)
∼→Hom(ICV⊠W □⋆ (PX ⊠ kC2), (id×∆C)!(id×∆C)

!PX ⊠ kC2⟨dV + dW ⟩)
→Hom(ICV⊠W □⋆ (PX ⊠ kC2),PX ⊠ kC2⟨dV + dW ⟩)
=CorrHkg

G,{1,2},ICV ⊠W
(PX ⊠ kC2 ,PX ⊠ kC2⟨dV + dW ⟩)

(4.54)

Where the third step uses the purity isomorphism Lemma 4.24.
We can reformulate Conjecture 4.45 as follows:

Conjecture 4.53. Under Setting 4.42, we have the following identity:

cV⊠W,{1,2} − cW⊠V,{1,2} = coev(cV⊗W,{1}) ∈ CorrHkg
G,{1,2},ICV ⊠W

(PX ⊠ kC2 ,PX ⊠ kC2⟨dV + dW ⟩)

where the elements cV⊠W,{1,2}, cW⊠V,{1,2}, cV⊗W,{1} are both defined via (4.38).

Proof of Conjecture 4.45 assuming Conjecture 4.53. Recall the map forgetting legs wI : BunG×CI → BunG.
Consider the map

ϕ{1,2} := [C2] ◦ (•) ◦ tautC2 :CorrHkg
G,{1,2},ICV ⊠W

(PX ⊠ kC2 ,PX ⊠ kC2⟨dV + dW ⟩)

→CorrHkg
G,{1,2},ICV ⊠W

(PX ,PX⟨dV + dW − 4⟩)
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It follows from the definition in (4.39) that

ϕ{1,2}(cV⊠W,{1,2} − cW⊠V,{1,2}) = cV⊠W − cW⊠V .

Therefore, it suffices to prove the following two maps coincide:

ϕ{1,2} ◦ coev = ∆Hk
g,! ◦ ϕ{1} :CorrHkg

G,{1},ICV ⊗W
(PX ⊠ kC ,PX ⊠ kC⟨dV + dW − 2⟩)

→CorrHkg
G,{1,2},ICV ⊠W

(PX ,PX⟨dV + dW − 4⟩)
(4.55)

where ϕ{1} = [C] ◦ (•) ◦ tautC is the one-leg analogue of ϕ{1,2}. Consider the diagram

BunG×C HkgG,{1}

BunG×C2 HkgG,{1,2} BunG×C2,

id×∆C ∆Hk
g

←−
h {1},g

⌞
−→
h {1,2},g

←−
h {1,2},g

where the square is Cartesian. Denote

F :=
−→
h ∗{1,2},g(PX ⊠ kC2)⊗ ICV⊠W ⟨−dV − dW + 2⟩ ∈ Shv(HkgG,{1,2}).

We can identify both maps in (4.55) as maps

ϕ{1,2}◦coev = ∆Hk
! ◦ϕ{1} : Hom(

←−
h {1},g,!∆

Hk,∗
g F , w!

{1}PX⟨−2⟩)→ Hom(w{1,2},!
←−
h {1,2},g,!F ,PX⟨−2⟩) (4.56)

For α ∈ Hom(
←−
h {1},g,!∆

Hk,∗
g F , w∗{1}PX), unwinding the definition of all the maps given in (4.45) and (4.54),

we have the following diagrams:

w{1,2},!
←−
h {1,2},g,!F w{1,2},!

←−
h {1,2},g,!∆

Hk
g,!∆

Hk,∗
g F w{1,2},!(id×∆C)!

←−
h {1},g,!∆

Hk,∗
g F

w{1,2},!
←−
h {1,2},g,!F w{1,2},!(id×∆C)!(id×∆C)

∗←−h {1,2},g,!F w{1,2},!(id×∆C)!
←−
h {1},g,!∆

Hk,∗
g F

id id

(4.57)

w{1,2},!(id×∆C)!w
!
{1}PX⟨−2⟩ w{1},!w

!
{1}PX⟨−2⟩ PX⟨−2⟩

w{1,2},!(id×∆C)!w
!
{1}PX⟨−2⟩ w{1,2},!(id×∆C)!(id×∆C)

!w!
{1,2}PX⟨−2⟩ PX⟨−2⟩

id id (4.58)

Note that ∆Hk
! ◦ ϕ{1}(α) is given by the composition of the upper row of (4.57) and w{1,2},!(id ×∆C)!α

and the upper row of (4.58), and ϕ{1,2} ◦ coev(α) is given by the composition of the lower row of (4.57)
and w{1,2},!(id×∆C)!α and the lower row of (4.58). The commutativity of the diagram (4.57) follows from
Lemma 4.25. The commutativity of the diagram (4.58) follows from a similar argument. This concludes the
proof. □

4.7.3. Global and semi-local variants of Conjecture 4.53. In this section, we formulate variants of Conjec-
ture 4.53 in terms of (4.36) and (4.35) and reduce the proof of the original statement to these variants.

Consider the diagram parallel to (4.52):

BunXG,{1} HkX̊,g
G,{1} BunXG,{1}

BunXG,{1,2} HkX̊,g
G,{1,2} BunXG,{1,2}

∆X
g

∆X,Hk
g

←−
h X

{1},g
−→
h X

{1},g

∆X
g

←−
h X

{1,2},g
−→
h X

{1,2},g

(4.59)
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and also the semi-local version

(LX/L+G)C HkX̊,sl
G,{1} (LX/L+G)C

(LX/L+G)C2 HkX̊,sl
G,{1,2} (LX/L+G)C2

∆X
sl ∆X,Hk

sl

←−
h X

{1},sl
−→
h X

{1},sl

∆X
sl

←−
h X

{1,2},sl
−→
h X

{1,2},sl

(4.60)

We have maps of vector spaces similar to (4.53):

coevg :Corr
HkX̊,g

G,{1},ICV ⊗W
(δX{1},g, δ

X
{1},g⟨dV + dW − 2⟩)

→Corr
HkX̊,g

G,{1,2},ICV ⊠W

(δX{1,2},g, δ
X
{1,2},g⟨dV + dW ⟩)

(4.61)

and

coevsl :CorrHkX̊,sl
G,{1},ICV ⊗W

(δX{1},sl, δ
X
{1},sl⟨dV + dW − 2⟩)

→Corr
HkX̊,sl

G,{1,2},ICV ⊠W

(δX{1,2},sl, δ
X
{1,2},sl⟨dV + dW ⟩)

(4.62)

whose definition is completely parallel to (4.54) given the following lemma:

Lemma 4.54. We have δX{1},g
∼→ ∆X,!

g δX{1,2},g⟨2⟩ and δ
X
{1},sl

∼→ ∆X,!
sl δ

X
{1,2},sl⟨2⟩ .

Proof of lemma. Consider

BunXG ×C BunXG,{1}

BunXG ×C2 BunXG,{1,2}

iX{1},g

id×∆C ∆X
g

iX{1,2},g

⌟
(4.63)

and

(L+X/L+G)C (LX/L+G)C

(L+X/L+G)C2 (LX/L+G)C2

iX{1},sl

∆X,+
sl ∆X

sl

iX{1,2},sl

⌟ . (4.64)

By proper base change, we only need to show the purity transformations

[id×∆C ] : kBunX
G ×C

→ (id×∆C)
!kBunX

G ×C2 (4.65)

and

[∆X,+
sl ] : k(L+X/L+G)C

→ ∆X,+,!
sl k(L+X/L+G)C2

(4.66)

are isomorphisms. Here, both fundamental classes are defined via Definition 4.21, where the second one uses
the Cartesian square

(L+X/L+G)C (L+X/L+G)C2

C C2

∆X,+
sl

l{1},sl l{1,2},sl

∆C

⌟

which makes the map ∆X,+
sl quasi-smooth as in Definition 4.21.

The first isomorphism follows from Lemma 4.24 and the second follows from Lemma 4.24 and Propo-
sition 4.10 (1) (note that (L+X)C2 → (L+X/L+G)C2 , (L+X)C2 → C2 are pro-smooth surjection, and
(L+X)C2 is qcqs).

□

We can now formulate global and semi-local variants (or primitive versions) of Conjecture 4.53:
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Conjecture 4.55 (Global version). Under Assumption 4.43, we have the following identity:

cgV⊠W,{1,2} − c
g
W⊠V,{1,2} = coevg(c

g
V⊗W,{1}) ∈ Corr

HkX̊,g
G,{1,2},ICV ⊠W

(δX{1,2},g, δ
X
{1,2},g⟨dV + dW ⟩)

where the elements cgV⊠W,{1,2}, c
g
W⊠V,{1,2}, c

g
V⊗W,{1} are both defined via (4.36).

Conjecture 4.56 (Semi-local version). Under Assumption 4.43, we have the following identity:

cslV⊠W,{1,2} − c
sl
W⊠V,{1,2} = coevsl(c

sl
V⊗W,{1}) ∈ Corr

HkX̊,sl
G,{1,2},ICV ⊠W

(δX{1,2},sl, δ
X
{1,2},sl⟨dV + dW ⟩)

where the elements cslV⊠W,{1,2}, c
sl
W⊠V,{1,2}, c

sl
V⊗W,{1} are both defined via (4.35).

We now deduce Conjecture 4.53 from Conjecture 4.55 and then deduce Conjecture 4.55 from Conjec-
ture 4.56.

Proof of Conjecture 4.53 assuming Conjecture 4.55. Take I = {1}, {1, 2} in the diagram (4.37). The push-
forward functoriality in §4.2.3 gives us

πI,! : CorrHkX̊,g
G,I ,ICV I

(δXI,g, δ
X
I,g⟨dI⟩)→ CorrHkg

G,I ,ICV I
(PX ⊠ kCI ,PX ⊠ kCI ⟨dI⟩) (4.67)

for I = {1}, {1, 2}. We only need to show

π{1,2},! ◦ coevg = coev ◦ π{1},! :CorrHkX̊,g
G,{1},ICV ⊗W

(δX{1},g, δ
X
{1},g⟨dV + dW − 2⟩)

→Corr
HkX̊,sl

G,{1,2},ICV ⊠W

(δX{1,2},sl, δ
X
{1,2},sl⟨dV + dW ⟩)

. (4.68)

The proof is similar to (4.55), but we write down the argument again for safety. Denote

F :=
−→
h X,∗
{1,2},gδ

X
g ⊗ ICV⊠W ⟨−dV − dW ⟩ ∈ Shv(HkX̊,g

G,{1,2}).

We can identify both maps in (4.68) as maps

π{1,2},! ◦ coevg = coev ◦ π{1},! : Hom(
←−
h X
{1},g,!∆

Hk,∗
g F ,∆X,!

g δX{1,2},g)

→Hom(π{1,2},!
←−
h X
{1,2},g,!F , π{1,2},!δ

X
{1,2},g)

(4.69)

Consider commutative diagrams

π{1,2},!
←−
h X
{1,2},g,!F π{1,2},!∆

X
g,!∆

X,∗
g

←−
h X
{1,2},g,!F (id×∆C)!π{1},!

←−
h X
{1},g,!∆

Hk,∗
g F

π{1,2},!
←−
h X
{1,2},g,!F (id×∆C)!(id×∆C)

∗π{1,2},!
←−
h X
{1,2},g,!F (id×∆C)!π{1},!

←−
h X
{1},g,!∆

Hk,∗
g F

id id

(4.70)
and

(id×∆C)!π{1},!∆
X,!
g δX{1,2},g π{1,2},!∆

X
g,!∆

X,!
g δX{1,2},g π{1,2},!δ

X
{1,2},g

(id×∆C)!π{1},!∆
X,!
g δX{1,2},g (id×∆C)!(id×∆C)

!π{1,2},!δ
X
{1,2},g π{1,2},!δ

X
{1,2},g

id id (4.71)

Here the first arrow in the bottom of (4.71) uses the Beck-Chevalley base change map π{1},!∆
X,!
g δX{1,2},g →

(id × ∆C)
!π{1,2},!δ

X
{1,2},g which can be identified with the natural purity isomorphism PX ⊠ kC⟨−2⟩

∼→
PX ⊠ kC2 using Lemma 4.54.

Fix an element α ∈ Hom(
←−
h X
{1},g,!∆

Hk,∗
g F ,∆X,!

g δX{1,2},g). Unwinding definitions, one can see that the map

π{1,2},! ◦coevg(α) can be identified with the composition of the top row of (4.70) and (id×∆C)!π{1},!(α) and
the top row of (4.71). The map coev ◦ π{1},!(α) can be identified with the composition of the bottom row
of (4.70) and (id ×∆C)!π{1},!(α) and the bottom row of (4.71). The commutativity of (4.70) follows from
Lemma 4.25. The commutativity of (4.71) follows from a similar argument. This concludes the proof. □
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Proof of Conjecture 4.55 assuming Conjecture 4.56. Keep our notation the same as the previous proof. The
pull-back functoriality in §4.2.3 gives us

f∗I,g→sl : CorrHkX̊,sl
G,I ,ICV I

(δXI,sl, δ
X
I,sl⟨dI⟩)→ Corr

HkX̊,g
G,I ,ICV I

(δXI,g, δ
X
I,g⟨dI⟩) (4.72)

□

for I = {1}, {1, 2}. Given the compatibility of the pull-back functoriality in §4.2.3 and composition §4.2.4,
we only need to show

f∗{1,2},g→sl ◦ coevsl = coevg ◦ f∗{1},g→sl :CorrHkX̊,sl
G,{1},ICV ⊗W

(δX{1},sl, δ
X
{1},sl⟨dV + dW − 2⟩)

→Corr
HkX̊,g

G,{1,2},ICV ⊠W

(δX{1,2},g, δ
X
{1,2},g⟨dV + dW ⟩)

. (4.73)

Denote

F :=
−→
h X,∗
{1,2},slδ

X
sl ⊗ ICV⊠W ⟨−dV − dW ⟩ ∈ Shv(HkX̊,sl

G,{1,2}).

Then the maps in (4.73) are identifies with maps

f∗{1,2},g→sl ◦ coevsl = coevg ◦ f∗{1},g→sl : Hom(
←−
h X
{1},sl,!∆

Hk,∗
sl F ,∆X,!

sl δ
X
{1,2},sl)

→Hom(f∗{1,2},g→sl

←−
h X
{1,2},sl,!F , f

∗
{1,2},g→slδ

X
{1,2},sl)

. (4.74)

Consider commutative diagrams

f∗{1,2},g→sl

←−
h X
{1,2},sl,!F f∗{1,2},g→sl∆

X
sl,!∆

X,∗
sl

←−
h X
{1,2},sl,!F ∆X

g,!f
∗
{1},g→sl

←−
h X
{1},sl,!∆

Hk,∗
sl F

f∗{1,2},g→sl

←−
h X
{1,2},sl,!F ∆X

g,!∆
X,∗
g f∗{1,2},g→sl

←−
h X
{1,2},sl,!F ∆X

g,!f
∗
{1},g→sl

←−
h X
{1},sl,!∆

Hk,∗
sl F

id id (4.75)

and

∆X
g,!f
∗
{1},g→sl∆

X,!
sl δ

X
{1,2},sl ∆X

g,!∆
X,!
g f∗{1,2},g→slδ

X
{1,2},sl f∗{1,2},g→slδ

X
{1,2},sl

∆X
g,!f
∗
{1},g→sl∆

X,!
sl δ

X
{1,2},sl f∗{1,2},g→sl∆

X
sl,!∆

X,!
sl δ

X
{1,2},sl f∗{1,2},g→slδ

X
{1,2},sl

id id . (4.76)

Here the first arrow in the top of (4.76) uses the Beck-Chevalley base change map f∗{1},g→sl∆
X,!
sl δ

X
{1,2},sl →

∆X,!
g f∗{1,2},g→slδ

X
{1,2},sl, which is identified with the natural purity isomorphism δX{1},g⟨−2⟩

∼→ ∆X,!
g δX{1,2},g

defined in Lemma 4.54. The commutativity of both diagrams follows from statements similar to Lemma 4.25.
The rest of the argument is similar to the previous proof, and we omit it.

4.7.4. Proof of Conjecture 4.56 assuming Assumption 4.46. Now we come to the technical heart of this
section.

Proof of Conjecture 4.56 assuming Assumption 4.46. Consider U := C2\∆C(C). Consider the diagram

(LX/L+G)C (LX/L+G)C2 (LX/L+G)U

C C2 U

lC

∆X
sl

lC2 lU

jX

∆C

⌟ ⌞

j

(4.77)

where both squares are Cartesian. Consider the excision fiber sequence in Proposition 4.12:

jX! j
X,∗ ICV⊠W □⋆ δX{1,2},sl → ICV⊠W □⋆ δX{1,2},sl → ∆X

sl,!∆
X,∗
sl ICV⊠W □⋆ δX{1,2},sl. (4.78)
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It gives rise to the left column of the following diagram

Hom0(∆X
sl,!∆

X,∗
sl ICV⊠W □⋆ δX{1,2},sl, δ

X
{1,2},sl⟨dV + dW ⟩) Hom0(ICV⊗W □⋆ δX{1},sl, δ

X
{1},sl⟨dV + dW − 2⟩)

Hom0(ICV⊠W □⋆ δX{1,2},sl, δ
X
{1,2},sl⟨dV + dW ⟩) Hom0(ICV⊗W □⋆ δX{1},sl, δ

X
{1},sl ⟨dV + dW ⟩)

Hom0(jX! j
X,∗ ICV⊠W □⋆ δX{1,2},sl, δ

X
{1,2},sl⟨dV + dW ⟩)

adj

∼

Gys ·c1(TC)

∆X,∗
sl

jX,∗

(4.79)

Here, the map adj is induced by (∆X
sl,!,∆

X,!
sl )-adjunction and the isomorphism ∆X,!

sl δ
X
{1},sl

∼→ δX{1,2},sl⟨−2⟩ in
Lemma 4.54. The map ·c1(TC) is the cup product with the first Chern class of the tangent bundle TC of

the curve C. The map ∆X,∗
sl is induced by the pull-back functoriality of cohomological correspondence in

Definition 4.32.
Note that by definition of the map coevsl given in (4.62) we have

coevsl = Gys ◦ adj−1.
Therefore, to prove Conjecture 4.56 is to prove

cslV⊠W − cslW⊠V = Gys ◦ adj−1(cslV⊗W ) (4.80)

Lemma 4.57. The square in (4.79) is commutative.

Proof of Lemma 4.57. Write F := ICV⊠W □⋆ δX{1,2},sl⟨−dV − dW ⟩. Recall δX{1,2},sl = i{1,2},sl,∗k(L+X/L+G)C2
.

Write
i|I| = iI,sl : (L

+X/L+G)CI → (LX/L+G)CI

for I = {1, 2}, {1}, write
∆ = ∆X

sl : (LX/L+G)C → (LX/L+G)C2

and k = k(L+X/L+G)C2
. Then we can rewrite the square in (4.79) as

Hom0(∆!∆
∗F , i2,∗k) Hom0(∆∗F ,∆!i2,∗k)

Hom0(F , i2,∗k) Hom0(∆∗F ,∆∗i2,∗k)

adj

∼

Gys ·c1(TC)

∆∗

. (4.81)

Write
∆+ : (L+X/L+G)C → (L+X/L+G)C2

and G := i∗2F . Applying (i∗, i∗)-adjunction and base change isomorphisms for i∗, we can further rewrite
(4.81) as

Hom0(∆+
! ∆

+,∗G, k) Hom0(∆+,∗G,∆+,!k)

Hom0(G, k) Hom(∆+,∗G,∆+,∗k)

adj

∼

Gys ·c1(TC)

∆+,∗

. (4.82)

For any α ∈ Hom0(∆+,∗G,∆+,!k), consider the following diagram

∆+,∗G ∆+,∗∆+
∗ ∆

+,∗G

∆+,!k ∆+,∗∆+
∗ ∆

+,!k ∆∗k

α ∆+,∗∆+
∗ α

∼

(4.83)

where arrows without names are induced by natural adjunctions. It is easy to see ∆+,∗ ◦Gys◦adj−1(α) gives
the upper route from the left-top of the diagram (4.83) to the right-bottom of the diagram, while α · c1(TC)
gives the lower route. The commutativity of the square in (4.83) is tautological. This concludes the proof of
Lemma 4.57.

□
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Consider the following diagram

Hom0(ICV⊗W ∗δXl , δXl ⟨dV + dW − 2⟩) Hom0(ICV⊗W □⋆ δX{1},sl, δ
X
{1},sl⟨dV + dW − 2⟩)

Hom0(ICV⊗W ∗δXl , δXl ⟨dV + dW ⟩) Hom0(ICV⊗W □⋆ δX{1},sl, δ
X
{1},sl⟨dV + dW ⟩)

fHk,∗
sl→l

·ℏ ·c1(TC)

fHk,∗
sl→l

(4.84)

where the map fHk,∗
sl→l is defined via the pull-back functoriality of cohomological correspondences in §4.2.3.

Lemma 4.58. The diagram (4.84) is commutative.

Proof of Lemma 4.58. This follows from the fact that the composition C → BAut(D) → BGm is the map
defining TC ∈ Pic(C), hence gives us Coor∗ℏ = c1(TC). See §2.11 for our choice of ℏ. □

We make the following observation:

Lemma 4.59. We have

∆X,∗cslV⊠W = fHk,∗
sl→l c

l
V⊠W ∈ Hom0(ICV⊗W □⋆ δX{1},sl, δ

X
{1},sl ⟨dV + dW ⟩)

and
∆X,∗cslW⊠V = fHk,∗

sl→l c
l
W⊠V ∈ Hom0(ICV⊗W □⋆ δX{1},sl, δ

X
{1},sl ⟨dV + dW ⟩),

where ∆X,∗ := ∆X,∗
sl is the middle horizontal arrow in (4.79), fHk,∗

{1},sl→l is the bottom arrow in (4.84), and

clV⊠W , clW⊠V are defined in (4.34).

Proof. This follows directly from the compatibility of pull-back and composition of cohomological correspon-
dences in §4.2.3 and §4.2.4. □

Lemma 4.60. We have

jX,∗cslV⊠W = jX,∗cslW⊠V ∈ Hom0(jX! j
X,∗ ICV⊠W □⋆ δX{1,2},sl, δ

X
{1,2},sl⟨dV + dW ⟩). (4.85)

Proof. Define HkX̊,sl
G,U = lHk,−1

{1,2},sl(U) where lHk
{1,2},sl : HkX̊,sl

G,{1,2} → C2 is the map remembering only legs.

Consider the following diagram

(LX/L+G)U HkX̊,sl
G,U (LX/L+G)U

(LX/L+G⋊Aut(D))2 (HkX̊,l
G )2 (LX/L+G⋊Aut(D))2

f×2
sl→l

←−
h X

{1,2},sl
−→
h X

{1,2},sl

(fHk
sl→l)

×2
f×2
sl→l

⌞

(
←−
h X

l )×2 (
−→
h X

l )×2

⌟

where both squares are Cartesian. Then we have

jX,∗cslV⊠W = (fHk
sl→l)

×2,∗(clV ⊠ clW ) = jX,∗cslW⊠V

and we are done. □

Denote ϵ = cslV⊠W − cslW⊠V −Gys ◦ adj−1(cslV⊗W ). We have

∆X,∗ϵ = ∆X,∗(cslV⊠W − cslW⊠V )−∆X,∗ ◦Gys ◦ adj−1(cslV⊗W )

= fHk,∗
sl→l (c

l
V⊠W − clW⊠V )− cslV⊗W · c1(TC)

= fHk,∗
sl→l (c

l
V⊠W − clW⊠V − clV⊗W · ℏ)

= 0

, (4.86)

where the second equality uses Lemma 4.59 and Lemma 4.57, the third equality uses Lemma 4.58, and the
last equality follows from our choice of clV⊗W in Assumption 4.43 (2).

On the other hand, we have

jX,∗ϵ = jX,∗(cslV⊠W − cslW⊠V )− jX,∗ ◦Gys ◦ adj−1(cslV⊗W ) = 0− 0 = 0 (4.87)

where the second identity uses Lemma 4.60 and jX,∗ ◦Gys = 0.
We can conclude our proof given the following lemma:
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Lemma 4.61. Under Assumption 4.46, the map ·c1(TC) in (4.79) is injective.

Assuming the lemma, we can conclude the proof of Conjecture 4.56 as follows. Since jX,∗ϵ = 0 and the

left column of (4.79) is exact, there exists ϵ0 ∈ Hom0(∆X
sl,!∆

X,∗
sl ICV⊠W □⋆ δX{1,2},sl, δ

X
{1,2},sl⟨dV + dW ⟩) at the

upper-left corner of (4.79) such that ϵ = Gys(ϵ0). By the commutativity of the diagram (4.79) we know
adj(ϵ0) · c1(TC) = ∆X,∗ ◦Gys(ϵ0) = ∆X,∗ϵ = 0. We can conclude ϵ0 = 0 by Lemma 4.61 and get ϵ = 0, which
concludes the proof of Conjecture 4.56. □

Proof of Lemma 4.61. We drop the subscript {1} (which stands for one leg) from everywhere below. Consider
the following diagram in which both squares are Cartesian

(LX/L+G)C (L+X/L+G)C C

LX/L+G⋊Aut(D) L+X/L+G⋊Aut(D) BAut(D)

fsl→l

lslisl

f+
sl→l

Coor
⌞

llil

⌟ . (4.88)

We denote F := ICV⊗W ∗δXl ⟨−dV − dW + 2⟩ ∈ Shv(LX/L+G ⋊ Aut(D)), then the map we care about
becomes

·c1(TC) : Hom0(f∗sl→lF , δXsl )→ Hom0(f∗sl→lF , δXsl ⟨2⟩). (4.89)

We further denote G := i∗l F and k = kBAut(D). Note that

Hom(f∗sl→lF , δXsl ) = Hom(f∗sl→lF , isl,∗k(L+X/L+G)C
),

∼→ Hom(i∗slf
∗
sl→lF , k(L+X/L+G)C

),
∼→ Hom(f+,∗

sl→lG, k(L+X/L+G)C
),

∼→ Hom(G, f+sl→l,∗l
∗
slCoor

∗k),
∼→ Hom(G, l∗l Coor∗Coor

∗k),

(4.90)

where the last step uses Proposition 4.10 (2), since L+X → L+X/L+G ⋊ Aut(D) and L+X → BAut(D)
are pro-smooth surjections.

Under the identification (4.90), the map (4.89) becomes

·ℏ : Hom0(G, l∗l Coor∗Coor
∗k)→ Hom0(G, l∗l Coor∗Coor

∗k⟨2⟩). (4.91)

induced by the map ℏ : k → k⟨2⟩.
Note the following fact:

Lemma 4.62. Coor∗Coor
∗k = cofib(k⟨−4⟩ ℏ2

−→ k)⊕ cofib(k⟨−2⟩ ℏ−→ k)⊕2g[−1].

Proof of Lemma 4.62. Note that we have a natural equivalence of categories

Hom(k, •) : Shv(BAut(D))>−∞
∼→ Mod(k[ℏ])>−∞, (4.92)

since Hom(k, k) = k[ℏ] ∈ Mod(k[ℏ])>−∞. Here for a stable ∞-category C with a t-structure, we write
C>−∞ to denote the full-subcategory of C consisting of objects bounded on the left. Moreover, given
Assumption 4.46 (2), by the formality of the cohomology of C, we have

Hom(k,Coor∗Coor
∗k)

∼→ k[ℏ]/(ℏ2)⊕ k2g[−1] ∈ Mod(k[ℏ])>−∞.
Our desired result follows as

k[ℏ]/(ℏ2)⊕ k2g[−1] ∼→ cofib(k[ℏ]⟨−4⟩ ·ℏ
2

−−→ k[ℏ])⊕ cofib(k[ℏ]⟨−2⟩ ·ℏ−→ k[ℏ])⊕2g[−1].
□

Denote A = l∗l cofib(k⟨−4⟩
ℏ2

−→ k) and B = l∗l cofib(k⟨−2⟩
ℏ−→ k)[−1]. We need to show that both maps

·ℏ : Hom0(G,A)→ Hom0(G,A⟨2⟩) (4.93)

·ℏ : Hom0(G,B)→ Hom0(G,B⟨2⟩) (4.94)

are injective. Denote kX = l∗l k. Note that we have

Hom(G, kX)
∼→ Hom(ICV⊗W ∗δXl , δXl ⟨dV + dW − 2⟩) = HomǦ(V ⊗W ⟨−dV − dW + 2⟩,PLX,ℏ).



HIGHER PERIOD INTEGRALS AND DERIVATIVES OF L-FUNCTIONS 49

Assumption 4.46 (1) translates to

Hom0(G, kX [d]) = 0 (4.95)

for d = −1,−2,−3. Assumption 4.43 (1) translates to the map

·ℏ : Hom0(G, kX)→ Hom0(G, kX [2]) (4.96)

is injective. For (4.93), we have the following diagram

Hom0(G, kX) Hom0(G,A) Hom0(G, kX [−3])

Hom0(G, kX [−2]) Hom0(G, kX [2]) Hom0(G,A[2])

γ

α

δ

β

(4.97)

where both rows are exact sequences. Note that (4.95) implies that α is surjective and β is injective. Since
γ is injective by (4.96), we know δ is injective and hence prove injectivity of (4.93).

For (4.94), we have a short exact sequence

Hom0(G, kX [−1])→ Hom0(G,B)→ Hom0(G, kX [−2]).

Note that left and right terms are zero by (4.95), we know Hom0(G,B) = 0, which implies injectivity of
(4.94). This concludes the proof of Lemma 4.61.

□

Proof of Theorem 4.47. One combines all the arguments in §4.7. □

5. Automorphic Clifford relations

In this section, we restrict to a special case (minuscule and Poisson-pure case) such that the commutator
relations (Conjecture 4.45) on global special cohomological correspondences simplify to what we call the
automorphic Clifford relations (Corollary 5.7).

• In §5.1, we introduce a construction of local special cohomological correspondences via derived
fundamental classes.

• In §5.2, we induce the minuscule and Poisson-pure condition and state the main result Corollary 5.7.
• In §5.3, we introduce a way to compute a scalar to be determined in Corollary 5.7.

5.1. Cohomological correspondence via derived fundamental class. In this section, we study a
particular construction of the local special cohomological correspondences clV in Definition 4.39 via derived
fundamental classes. For notations on moduli spaces and morphisms between them, we refer to §4.3 (see
§4.3.5 for a summary).

We by default consider only moduli spaces with one leg with index set I = {1} and drop the subscript
{1} everywhere.

5.1.1. Local special cohomological correspondence and relative affine Grassmanian. We first recall the geo-
metric interpretation of the space of local special cohomological correspondences

Corr
HkX̊,l

G ,ICV
(δXl , δ

X
l ⟨d⟩)

introduced in Definition 4.39 using relative Grassmanian given in [BZSV24, §8.2].
We use GrXG to denote the relative affine Grassmanian associated to the smooth affine G-variety X, which

can be defined by defining the relative Hecke stack HkX,l
G := GrXG /L+G⋊Aut(D) via the Cartesian diagram:

HkX,l
G HkX̊,l

G

(L+X/L+G⋊Aut(D))2 (LX/L+G⋊Aut(D))2

iHk
l

←−
h +,X

l ×
−→
h +,X

l

←−
h X

l ×
−→
h X

l

i×2
l

⌟
.
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Then we see that

Corr
HkX̊,l

G ,ICV
(δXl , δ

X
l ⟨d⟩)

=Hom0(ICV ∗δXl , δXl ⟨d⟩)
∼→Hom0(ICV ∗il,∗kL+X/L+G⋊Aut(D), il,∗kL+X/L+G⋊Aut(D)⟨d⟩)
∼→Hom0(ICV ,

←−
h +,X,!

l kL+X/L+G⋊Aut(D)⟨d⟩)
=CorrHkX,l

G ,ICV
(kL+X/L+G⋊Aut(D), kL+X/L+G⋊Aut(D)⟨d⟩)

. (5.1)

5.1.2. Construction. Now we assume V ∈ Rep(Ǧ)♡,ω is irreducible minuscule with higher weight λV . More
precisely, we assume that ICV is the (shifted) constant sheaf supported on the minuscule Schubert cell
indexed by λV . For various versions of Hecke stacks, we add a subscript V (or the extreme weight λV ) to
indicate the Schubert cell supporting ICV . We can further rewrite the vector space in (5.1) as

Corr
HkX̊,l

G ,ICV
(δXl , δ

X
l ⟨d⟩)

=CorrHkX,l
G ,ICV

(kL+X/L+G⋊Aut(D), kL+X/L+G⋊Aut(D)⟨d⟩)

=CorrHkX,l
G,V ,k(kL+X/L+G⋊Aut(D), kL+X/L+G⋊Aut(D)⟨d− dG,λV

⟩)
(5.2)

where the number dG,λV
= ⟨2ρG, λV ⟩.

To define the derived fundamental class, we make the following assumption:

Assumption 5.1. There exists a split reductive subgroup H ⊂ G and Y ∈ Rep(H)♡,ω such that X =
Y ×H G.

Now we choose a minuscule coweight λ ∈ X∗(TH) such that V has highest weight λV = λ+. We refer to
§2.5 for our notations concerning Lie theory.

Definition 5.2. For λ ∈ X∗(TH) and Y ∈ Rep(H)♡,ω, we define the defect module of λ with respect to Y
to be

Dλ,Y := Y [[t]] · t−λ/(Y [[t]] ∩ Y [[t]] · t−λ) ∈ Rep(PH,λ ⋊Aut(D))

and the defect of λ with respect to Y to be

δλ,Y := dim(Dλ,Y ).

Here
PH,λ := tλL+Ht−λ ∩ L+H (5.3)

is a parahoric subgroup of L+H.

We define VH,λ ∈ Rep(Ȟ)♡,ω to be the unique irreducible representation of Ȟ containing extremal weight
λ.

Now, we are going to construct an element

clV,λ ∈ CorrHkl
G,ICV

(δXl , δ
X
l ⟨dV,λ⟩)

where
dV,λ := dG,λ − 2dH,λ + 2δλ,Y .

Consider diagram

L+Y/L+H ⋊Aut(D) HkY,lH,λ L+Y/L+H ⋊Aut(D)

L+X/L+G⋊Aut(D) HkX,l
G,V L+X/L+G⋊Aut(D)

al ∼

←−
h +,Y

l

−→
h +,Y

l

aHk
l

al∼
←−
h +,X

l

−→
h +,X

l

(5.4)

where left and right vertical arrows are isomorphisms. It is clear that both squares are pushable in the sense
of §4.2.1 and the push-forward functoriality of cohomological correspondences Definition 4.33 gives us a map

aHk
l,! :CorrHkY,l

H,λ,k
(kL+Y/L+H⋊Aut(D), kL+Y/L+H⋊Aut(D)⟨d− dG,λ⟩)

→CorrHkX,l
G,V ,k(kL+X/L+G⋊Aut(D), kL+X/L+G⋊Aut(D)⟨d− dG,λ⟩).

(5.5)
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Define

PG,λ = tλL+Gt−λ ∩ L+G. (5.6)

Consider the correspondence diagram

LY/PH,λ ⋊Aut(D)

LY/L+H ⋊Aut(D) LY ×L+H⋊Aut(D) L+HtλL+H ⋊Aut(D)/L+H ⋊Aut(D) LY/L+H ⋊Aut(D)

HkY̊ ,l
H,λ

s∼
←−
h Y

H,l

−→
h Y

H,l

←−
h Y

H,l

−→
h Y

H,l

∼

(5.7)
where the lower half diagram is exactly (4.22) for H restricted to the λ-Schubert cell. The isomorphism s
can be described as follows: One first defines the map

s̃ : LY → LY × (L+HtλL+H ⋊Aut(D)) (5.8)

as

s̃(y) = (y, (tλ, 1)). (5.9)

and defines

sP : PH,λ ⋊Aut(D)→ (L+H ⋊Aut(D))× (L+H ⋊Aut(D)) (5.10)

sP(p, a) = ((p, a), (t−λpa−1(t)λ, a)). (5.11)

Then one checks that the map s̃ is sP -equivariant and descends to a map s, where we remind the reader
that the right action of PH,λ ⋊Aut(D) on LY is obtained by restricting the right action of L+H ⋊Aut(D)
on LY given by

y(t) · (h(t), a) = y(a(t))h(a(t)) ∈ LY (5.12)

for y(t) ∈ LY and (h(t), a) ∈ L+H⋊Aut(D), and the right action of (L+H⋊Aut(D))2 on LY×(LH⋊Aut(D))
is given by

(y, (h, a)) · ((h1, a1), (h2, a2)) = (y · (h1, a1)), (h1, a1)−1 · (h, a) · (h2, a2)) ∈ LY × LH ⋊Aut(D) (5.13)

for (y, (h, a)) ∈ LY × (LH ⋊Aut(D)) and ((h1, a1), (h2, a2)) ∈ (L+H ⋊Aut(D))2.
Under the isomorphism s, we can rewrite the upper row of (5.4) as the top of the diagram

L+Y ∩ L+Y · t−λ/PH,λ ⋊Aut(D)

L+Y/L+H ⋊Aut(D) HkY,lH,λ L+Y/L+H ⋊Aut(D)

s+∼
←−
h +,Y

l

−→
h +,Y

l

←−
h +,Y

l

−→
h +,Y

l

(5.14)

such that for

y ∈ L+Y ∩ L+Y · t−λ

a representative of an element in L+Y ∩ L+Y · t−λ/PH,λ ⋊Aut(D), we have

−→
h +,Y

l (y) = y ∈ L+Y/L+H ⋊Aut(D)

←−
h +,Y

l (y) = y · tλ ∈ L+Y/L+H ⋊Aut(D).

Now, it is easy to see that the map
←−
h +,Y

l is quasi-smooth of relative virtual dimension dH,λ − δλ,Y . In
fact, one can choose suitable n,m, k ∈ Z≥1 depending only on (H,Y, λ) such that one can define

L(m)H := L+H/L≥mH

P(m)
H,λ = PH,λ/L

≥mH

Aut(k)(D) = Aut(D)/Aut≥k(D)

L(n)Y := L+Y/tnL+Y.
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and get a Cartesian diagram

L+Y/L+H ⋊Aut(D) HkY,lH,λ

L(n)Y/L(m)H ⋊Aut(k)(D) HkY,lH,λ,fin := L(n)Y ∩ L(n)Y · tλ/P(m)
H,λ ⋊Aut(k)(D)

ql

←−
h +,Y

l

qHk
l

⌞

←−
h +,Y

fin,l

(5.15)

where the bottom map is quasi-smooth, hence makes
←−
h +,Y

l a quasi-smooth map in the sense of Defini-
tion 4.21. Then the construction in loc.cit gives a derived fundamental class

[
←−
h +,Y

l ] = [HkY,lH,λ /(L
+Y/L+H ⋊Aut(D))]

∈ Hom0(kHkY,l
H,λ

,
←−
h +,Y,!

fin,l kL+Y/L+H⋊Aut(D)⟨−2dH,λ + 2δλ,Y ⟩)

= CorrHkY,l
H,λ,k

(kL+Y/L+H⋊Aut(D), kL+Y/L+H⋊Aut(D)⟨dV,λ − dG,λ⟩)

. (5.16)

We can finally define

clV,λ := aHk
l,! [
←−
h +,Y

l ] ∈ CorrHkX,l
G,V ,k(kL+X/L+G⋊Aut(D), kL+X/L+G⋊Aut(D)⟨dV,λ − dG,λ⟩)

∼→ Corr
HkX̊,l

G ,ICV
(δXl , δ

X
l ⟨dV,λ⟩)

(5.17)

where the map aHk
l,! is the map (5.5). This finishes the definition of local special cohomological correspon-

dences via the derived fundamental class.

5.1.3. Pull-back to global moduli. In this section, we restrict to the case that X is G-homogeneous. In this
case, we have X = H\G for a split reductive subgroup H ⊂ G, and we have BunXG = BunH . In this case, we
have defect δλ,Y = 0 and dV,λ = dG,λ−2dH,λ. We now describe the global cohomological correspondences cV,λ
constructed in (4.39) given the input clV,λ constructed in (5.17) (i.e. consider the local datum ({1}, V, clV,λ)
in the language of Definition 4.40 and Definition 4.41).

Proposition 5.3. Consider the diagram

BunH HkgH,λ BunH

BunG HkgG,V BunG

π πHk
λ

←−
h H,g

−→
h H,g

π
←−
h g

−→
h g

.

The push-forward functoriality in Definition 4.33 gives us a map

πHk
λ,! : CorrHkg

H,λ,k
(kBunH

, kBunH
⟨−2− 2dH,λ⟩)→ CorrHkg

G,V ,k(π!kBunH
, π!kBunH

⟨−2− 2dH,λ⟩)
∼→ CorrHkg

G,ICV
(PX ,PX⟨dV,λ − 2⟩)

.

Then the element cV,λ constructed in (4.39) from the local fundamental class clV,λ in (5.17) can be identified
as

cV,λ = πHk
λ,! [HkgH,λ /BunH ]

where [HkgH,λ /BunH ] = [
←−
h H,g] is the fundamental class introduced in Definition 4.21.

Proof. Applying the base change identity Proposition 4.34 in which the middle square is given by

HkX,g
G,V HkgH,λ

HkX,l
G,V HklH,λ

fX,Hk
G,g→l fHk

H,g→l

aHk
g

aHk
l

,
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we get a commutative diagram

CorrHkl
H,λ,k

(kBL+H⋊Aut(D), kBL+H⋊Aut(D)⟨−2− 2dH,λ⟩) CorrHkX,l
G,V ,k(δ

l
X , δ

l
X⟨−2− 2dH,λ⟩)

CorrHkg
H,λ,k

(kBunH ×C , kBunH ×C⟨−2− 2dH,λ⟩) CorrHkX,g
G,V ,k(δ

g
X , δ

g
X⟨−2− 2dH,λ⟩)

aHk
l,!

fHk,∗
H,g→l fX,Hk,∗

G,g→l

aHk
g,!

.

Consider πHk
! : CorrHkX,g

G,V ,k(δ
g
X , δ

g
X⟨−2−2dH,λ⟩)→ CorrHkG,V ,k(PX⊠kC ,PX⊠kC⟨−2−2dH,λ⟩). Unwinding

the definition of cV,λ, we get

cV,λ = [C] ◦ (πHk
! fX,Hk,∗

G,g→l a
Hk
l,! [HklH,λ /BL

+H ⋊Aut(D)]) ◦ tautC
= [C] ◦ πHk

! aHk
g,! f

Hk,∗
H,g→l[HklH,λ /BL

+H ⋊Aut(D)] ◦ tautC
= [C] ◦ πHk

! aHk
g,! [HkgH,λ /BunH ×C] ◦ tautC

= πHk
λ,! [HkgH,λ /BunH ]

which concludes the proof.
□

5.2. Middle-dimensional correspondence. Assume we are under Setting 4.42. In this section, we con-
sider a specific case of Conjecture 4.45 that we care about the most: the middle-dimensional case, that is,
the case dV + dW = 2. We say that this case is middle-dimensional because when |I| = 2, the associated
special cycle classes are middle-dimensional Borel-Moore homology classes in this case.

In case dV + dW = 2, we see that clV⊗W ∈ Hom0(V ⊗W,PLX,ℏ). Note that there is a canonical element

cltriv ∈ Hom0(triv,PLX,ℏ) where triv ∈ Rep(Ǧ) is the trivial Ǧ-representation. To single out the most
interesting example, we make the following assumptions:

Assumption 5.4 (Poisson-purity). We have dV +dW = 2, and there exists a bilinear form b : V ⊗W → triv
such that the map

clV⊗W ∈ Hom0(V ⊗W,PLX,ℏ)

is given by

V ⊗W b−→ triv
cltriv−−−→ PLX,ℏ. (5.18)

Now we further make the following assumption:

Assumption 5.5 (Minuscule). We have V,W ∈ Rep(Ǧ)♡,ω are irreducible minuscule representations of Ǧ.

More specifically, we take V,W ∈ Rep(Ǧ)♡
∼→ Sat♡G to be the (shift of) constant sheaf supported on the

corresponding minuscule Schubert cell.

Remark 5.6. The minuscule assumption is only necessary when applying the construction in §5.1.

In this case, whenever a non-zero bilinear form b : V ⊗W → triv exists, there would exist a canonical
bilinear form

bgeo : V ⊗W → triv (5.19)

(or more precisely, a map ICV ∗ ICW → ICtriv) coming from geometry which we are going to explain now.
Suppose V is of higher (minuscule) weight λV ∈ X∗(T )+ (hence W has lowest weight −λV ). We use

PG,λV
(5.20)

to denote the parabolic subgroup of G generated by roots {α ∈ ΦG|⟨α, λV ⟩ ≤ 0} (hence contains the opposite
Borel). Then it is easy to see that HomSat♡G

(ICV ∗ ICW , ICtriv) = H0(G/PG,λV
, k). Therefore, we can take

bgeo : V ⊗W → triv to be given by the canonical element 1 ∈ H0(G/PG,λV
, k) (the fundamental class of

G/Pµ under Poincare duality).
When our affine smooth G-variety X has the form X = Y ×H G, for each λ ∈ X∗(TH) such that λ+ = λV

we have the derived fundamental class clV,λ constructed in (5.17) and similarly for µ ∈ X∗(TH) where

µ+ = λW a class clW,µ. Assume Assumption 5.4 is satisfied, we denote the bilinear form in loc.cit by

bλ,µ : V ⊗W → triv. (5.21)
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Now, it is a natural question to ask about the relation between bλ,µ and bgeo. Since the former bλ,µ
involves the choice of the G-variety X as well as some choices of λ, µ ∈ X∗(TH)+, while the second bgeo does
not involve any extra choice, these two forms a priori have no relation and would differ by a scalar in general.
We denote

bλ,µ = κλ,µ · bgeo. (5.22)

5.2.1. Automorphic Clifford relations. We have the following reformulation of Conjecture 4.45 under the
strong assumptions in the previous section, which is what we call the automorphic Clifford relation:

Corollary 5.7 (Automorphic Clifford relation). Under Setting 4.42. Suppose Assumption 5.4 and Assump-
tion 5.5 hold. Consider the diagram

BunG HkgG,{1},V BunG

BunG H̃k
g

G,{1,2},V⊠W BunG

id

bg bg

∆Hk
V,g id

←−
h {1,2},g

−→
h {1,2},g

, (5.23)

where bg =
←−
h {1},g and the map ∆Hk

V is given by sending a modification E 99K E ′ to the iterated modification
E 99K E ′ 99K E. We get a map

∆Hk
V,g,! : CorrHkg

G,{1},V ,k(PX ,PX⟨−2− 2dG,λV
⟩)→ Corr

H̃k
g

G,{1,2},V ⊠W ,k
(PX ,PX⟨−2− 2dG,λV

⟩)
∼→ CorrHkg

G,{1,2},V ⊠W
,ICV ⊠W

(PX ,PX⟨−2⟩)

via the push-forward functoriality in Definition 4.33. Assuming Conjecture 4.45, we have

cV⊠W − cW⊠V = κλ,µ ·∆Hk
V,g,![HkgG,{1},V /BunG],

where cV⊠W and cW⊠V are defined in (4.39) and [HkgG,{1},V /BunG] is the (relative) fundamental class

defined in Definition 4.21 viewed as a cohomological correspondence.

Proof. This follows easily from the base change compatibility between pull-back and push-forward of coho-
mological correspondences in Proposition 4.34. □

5.2.2. Examples. There are many examples that Assumption 5.4 and Assumption 5.5 hold.

Example 5.8 (Rankin–Selberg convolution: homogeneous case). Case G = GLn×GLn−1 and X = GLn.
See the discussion in §7.

Example 5.9 (Rankin–Selberg convolution: inhomogeneous case). CaseG = GLn×GLn andX = GLn×An,
on which the action in given by (g, x) · (g1, g2) = (g−11 gg2, x · g2) for (g1, g2) ∈ GLn×GLn and (g, x) ∈
GLn×An. One has M̌ = T ∗(Stdn ⊠ Stdn) and Conjecture 4.36 is proved in [BFGT21]. One can take
V = Stdn ⊠ Stdn and W = V ∗, which uniquely determines the coweights λ, µ ∈ X∗(TH) up to Weyl group
translation. In this case, Assumption 5.4 and Assumption 5.5 are satisfied.

Example 5.10 (Orthogonal Gan–Gross–Prasad). Case G = SOn×SOn−1 and X = SOn, on which the
action in given by x · (g1, g2) = g−11 xg2 for (g1, g2) ∈ SOn×SOn−1 and x ∈ SOn. One has M̌ = Std ⊠ Std
as a symplectic representation of Ǧ. Conjecture 4.36 in this case is proved in [BFT22]. One can take
W = V = Std⊠ Std, which uniquely determines the coweights λ, µ ∈ X∗(TH) up to Weyl group translation.
In this case, Assumption 5.4 and Assumption 5.5 are satisfied.

Example 5.11 (Strongly tempered case). Case T ∗X is strongly tempered, the hyperspherical dual M̌ is a
symplectic representation of Ǧ. This includes Example 5.8, Example 5.9, and Example 5.10. In this case,
Conjecture 4.36 predicts that one can take V andW = V ∗ to be constituents of M̌ , and then Assumption 5.4
will be satisfied. When X = H\G is homogeneous, by checking all such examples in [WZ23], we find that for
each irreducible Ǧ-representation V , the multiplicity of V in M̌ is exactly the number of λ ∈ X∗(TH)+ such
that λ+ = λV and dV,λ = 1. The representation M̌ is multiplicity-free and has all its constituents minuscule
in all such examples in loc.cit. Therefore, the construction of local special cohomological correspondences via
§5.1 should provide a canonical presentation of M̌ as a direct sum of minuscule irreducible Ǧ-representations.
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Example 5.12 (Linear period). When G = GL2n, H = GLn×GLn, and X = H\G. The hyperspherical
dual M̌ = (T ∗(Std2n) ⊕ (gl2n/sp2n)

∗) ×Sp2n GL2n. One can take V = Std2n ∈ Rep(GL2n) and W = V ∗.
In this case, there will be multiple choices of λ ∈ X∗(TH) such that λ+ = λV : One can take λ = λ1 :=
((1, 0 . . . , 0), (0, . . . , 0)) or λ = λ2 := ((0, . . . , 0), (1, 0, . . . , 0)), and these are all possible choices of λ up toWH

permutation. In this case, Conjecture 4.36 predicts that Assumption 5.4 is satisfied for (λ, µ) = (λ1,−λ1)
and (λ, µ) = (λ2,−λ2).

5.3. Determine the constant. This section will only be used in §7.1 and can be safely skipped on a first
reading.

In this section, we develop an effective way to determine the number κλ,µ in (5.22) under Assumption 5.4
and Assumption 5.5. This method will be applied later in the Rankin–Selberg case §7.1.2. The method also
works for Example 5.9, Example 5.10, Example 5.12, and many other examples. We leave the details to the
reader.

Remark 5.13. We are not developing a method to verify Assumption 5.4. We do not know an effective
way to verify the existence of b in loc. cit when it indeed exists. Instead, we are assuming the existence of
b, and try to determine the relation between b and bgeo defined via (5.18) and (5.19). However, when the
Soergel functor (5.26) is fully faithful on the objects we care about,13 our method can be used to prove the
existence of b.

5.3.1. Setup. We refer to §2.5 for notations on Lie theory.
We first work under the general setup Setting 4.42.
Define

RG := Γ(B(L+G⋊Aut(D)), k)
∼→ Γ(BG×BGm, k) (5.24)

and

RG := Γ(BL+G, k)
∼→ Γ(BG, k). (5.25)

We have RG = RG[ℏ]. Moreover, it is well-known that RG = RWG

T and RT
∼→ O(t)[ℏ].

Consider the functor taking global sections

Γ : SatX,ℏ = Shv∗(LX/L
+G⋊Aut(D))→ Mod(RG) (5.26)

and

Γ : SatG,ℏ = Shv∗(HklG)→ Mod(RG ⊗k[ℏ] RG). (5.27)

We have the formula

Γ(K ∗ F) = Γ(K)⊗RG
Γ(F) (5.28)

for nice14 objects K ∈ SatG,ℏ and F ∈ SatX,ℏ.

For each V ∈ Rep(Ǧ)♡,ω, define

MV := Γ(ICV ) ∈ Mod(RG ⊗k[ℏ] RG) (5.29)

and

MV :=M ⊗k[ℏ] k. (5.30)

Now assume Assumption 5.1 and use the notations there. We know

RH = Γ(δXl ) ∈ Mod(RG) (5.31)

where the RG-module structure on RH is given by the ring map RG → RH induced by the natural map
BH ×Gm → BG×Gm which is inclusion on the first actor and identity on the second factor.

Given each local special cohomological correspondence

clV ∈ Hom0(ICV ∗δXl , δXl ⟨dV ⟩), (5.32)

we get a map

ccohV := Γ(clV ) ∈ Hom0(MV ⊗RG
RH , RH⟨dV ⟩) (5.33)

13This is highly possible when X is homogeneous and strongly tempered. The full faithfulness has been proved for Exam-
ple 5.8, Example 5.10 in [BFGT21],[BFT22].

14For K belonging to the full-subcategory of SatX,ℏ generated by SatG,ℏ and δXl , the argument in [BY13, CorollaryB.4.2]

works. This is enough for our purpose.
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Therefore, by the construction of clV⊗W in Assumption 4.43 (2), we get

ccohV ◦ ccohW − ccohW ◦ ccohV ◦ swV,W = ℏ · ccohV⊗W ∈ Hom0(MV ⊗RG
MW ⊗RG

RH , RH⟨dV + dW ⟩). (5.34)

where swV,W :MV ⊗RG
MW

∼→MW ⊗RG
MV is induced from the unique element in

Hom0
SatG,ℏ

(ICV ∗ ICW , ICW ∗ ICV )

lifting the natural commutativity constraint in SatG obtained from the fusion procedure. 15

From now on, we work under Assumption 5.4 and Assumption 5.5, and we take clV = clV,λ, c
l
W = clW,µ

constructed in (5.17). In this case, we have a natural map bcohgeo : MV ⊗RG
MW → Mtriv = RG by applying

Γ to bgeo in (5.19). Then the map ccohV⊗W can be identified as

ccohV⊗W = κλ,µ · bcohgeo :MV ⊗RG
MW ⊗RG

RH → RH (5.35)

The relation (5.34) becomes

ccohV,λ ◦ ccohW,µ − ccohW,µ ◦ ccohV,λ ◦ swV,W = κλ,µℏ · bcohgeo (5.36)

Therefore, to determine the scalar κλ,µ, we only need to write down the maps ccohV,λ, c
coh
W,µ, b

coh
geo , and swV,W .

The determination of these maps will be the subject of the rest of this section.

5.3.2. Description of MV . We first describe MV ∈ Mod(RG ⊗k[ℏ] RG) defined in (5.29).
Recall that the parabolic subgroup PG,λ ⊂ G in (5.20). Similarly, we have the parabolic subgroup

PH,λ ⊂ H.
We define WG,λ := WPG,λ

⊂ WG and WH,λ := WPH,λ
⊂ WH which are the Weyl groups of the Levi

groups of the corresponding parabolic subgroups.
In this case, we have

MV
∼→ Γ(B(PG,λ ⋊Aut(D)), k)⟨dG,λ⟩

∼→ O(t)WG,λ [ℏ]⟨dG,λ⟩ ∈ Mod(RG ⊗k[ℏ] RG). (5.37)

The RG-bimodule structure can be seen as follows: The right RG-module structure on MV is induced by

the natural inclusion map
−→
h l,V : B(PG,λ ⋊Aut(D))→ B(L+G⋊Aut(D)) which is the natural inclusion

iG,λ : O(t)WG [ℏ]→ O(t)WG,λ [ℏ]. (5.38)

The left RG-module structure onMV is induced by the map
←−
h l,V : B(PG,λ⋊Aut(D))→ B(L+G⋊Aut(D))

which is identified with the map16

ĩG,λ : O(t)WG [ℏ]→ O(t)WG,λ [ℏ] (5.39)

induced from the pull-back along t× A1 → t× A1 given by (X, a) 7→ (X − a · dλ, a).

5.3.3. Description of ccohV,λ. Now we describe the map ccohV,λ :MV ⊗RG
RH → RH .

Let r : O(t)[ℏ] → O(tH)[ℏ] be the map induced by the natural inclusion. Then it is easy to see from
definition of clV,λ in (5.17) that ccohV,λ can be identified with

O(t)WG,λ [ℏ]⊗O(t)WG [ℏ] O(tH)WH [ℏ]⟨dG,λ⟩
r⊗iH,λ−−−−→O(tH)WH,λ [ℏ]⟨dG,λ⟩
←−
h +,Y

l,!−−−−→O(tH)WH [ℏ]⟨dG,λ − 2dH,λ + 2δλ,Y ⟩

(5.40)

where the map
←−
h +,Y

l is the top arrow in (5.15), and by
←−
h +,Y

l,! we mean integration along the derived

fundamental class [
←−
h +,Y

l ]. The map r : O(t)WG,λ [ℏ] → O(tH)WH,λ [ℏ] is induced from the natural inclusion
tH → t, and the map iH,λ : O(tH)WH [ℏ]→ O(tH)WH,λ [ℏ] is defined in the same way as iG,λ.

15Here, when writing a map whose source is a tensor product and the map is a priori only defined on certain tensor factors,

we always mean extending the map trivially to other tensor factors. We will use this convention throughout this section without

mention to simplify notations.
16This is because on homotopy types

←−
h l,V can be identified with B(PG,λ × Gm) → B(G × Gm) such that (p, a) 7→

(pλ(a−1), a), which is an easy consequence of (5.14).
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Furthermore, consider ch (Dλ,Y ) ∈ Z≥0 ·X∗(TH ×Gm) which is the character of the defect module Dλ,Y

defined in Definition 5.2. We can take its top Chern class

ctop(ch (Dλ,Y )) ∈ O(tH)[ℏ] (5.41)

Let us also consider the map

pH,λ : O(tH)WH,λ → O(tH)WH ⟨−2dH,λ⟩ (5.42)

given by integration along BPH,λ → BH. It is easy to see that the map

←−
h +,Y

l,! : O(tH)WH,λ [ℏ]→ O(tH)WH ⟨−2dH,λ + 2δλ,Y ⟩. (5.43)

can be identified with the composition

O(tH)WH,λ [ℏ]
·ctop(ch (Dλ,Y ))−−−−−−−−−−→ O(tH)WH,λ [ℏ]⟨2δλ,Y ⟩

pH,λ−−−→ O(tH)WH [ℏ]⟨−2dH,λ + 2δλ,Y ⟩. (5.44)

Remark 5.14. The map pH,λ is the unique graded O(tH)WH -linear map sending ctop(ch (h/Lie(PH,λ))) ∈
O(tH)WH,λ⟨2dH,λ⟩ to |WH/WH,λ| ∈ Z ⊂ O(tH)WH .17 Here, the O(tH)WH -linear structure on O(tH)WH,λ is

given by ĩH,λ, which is defined in the same way as ĩG,λ.

5.3.4. Description of bcohgeo . Now we describe the map bcohgeo :MV ⊗RG
MW → RG.

Choose w ∈ WG such that w(µ) = −λ. Consider the map aG,λ,µ : O(t)WG,λ [ℏ] → O(t)WG,µ [ℏ] induced
by pull-back along the map t × A → t× A1 given by (X, a) 7→ (wX − a · dλ, a). Then the map bcohgeo can be
identifies with

O(t)WG,λ [ℏ]⟨dG,λ⟩ ⊗O(t)WG [ℏ] O(t)WG,µ [ℏ]⟨dG,λ⟩
id⊗aG,λ,µ−−−−−−→ O(t)WG,λ [ℏ]⟨2dG,λ⟩

pG,λ−−−→ O(t)WG [ℏ] (5.45)

where the map pG,λ is defined similarly as (5.42).

5.3.5. Description of swV,W . Now we describe the map swV,W :MV ⊗RG
MW

∼→MW ⊗RG
MV .

By [BF08, §6.2, Lemma13], we know that swV,W is the unique graded map lifting MV ⊗RG
MW

∼→
MW ⊗RG

MV given by the natural commutativity constraint in Mod(RG) (i.e. x⊗ y 7→ (−1)|x||y|y ⊗ x)

Remark 5.15. Although the above gives a characterization of the map swV,V ∗ , we do not know a general
way to write it down for all minuscule V .

6. Higher period integrals and derivatives of L-functions

In this section, we combine the results in previous sections to get a higher period integral formula (The-
orem 6.16).

• In §6.1, we recall the geometric isotypic part of the X-period, which has been considered in many
previous works.

• In §6.2, we discuss the Hecke action on the geometric isotypic part.
• In §6.3, we restrict to the Poisson-pure case and get the main result Theorem 6.16.

6.1. Geometric isotypic part of period integral. For any affine smooth G-variety X, we have the period
sheaf

PX ∈ Shv(BunG)

constructed in §4.3.4. We would like to construct some “higher period integrals”, which can be related to
higher derivatives of L-functions after restricting the “integrals” to the “π-isotypic part” for every (every-
where unramified) cuspidal automorphic representation π ∈ Irr(G(AF )). For this purpose, we need to make
sense of the “isotypic part of the period” and reasonably define higher integrals.

17Since we are regarding g as a right G-module, our ch (h/Lie(PH,λ)) is different from the usual convention by a minus sign.
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6.1.1. Geometric period integral. We now come to the definition of geometric period integral, which is a
geometric enhancement of the period integral.

Definition 6.1. Consider π : BunXG → BunG. We define the geometric X-period integral to be the functor∫
X

: Shv(BunG)→ Vect such that
∫
X

= Γc ◦ π∗.

Remark 6.2. Here we are using !-push for morphisms locally of finite type between Artin stacks locally
of finite type. We did not include this in our Shv due to laziness in writing the article. However, by
Proposition 4.2, our sheaf theory is the same as the usual sheaf theory on Artin stacks locally of finite type.
Therefore, we can use the six-functor formalism developed in [LZ17a].

Remark 6.3. The functor
∫
X

can be understood using the period sheaf as follows: Consider the functor
Γc ◦ ∆∗BunG

: Shv(BunG×BunG) → Vect, where ∆BunG
: BunG → BunG×BunG is the diagonal map.

By base change, we have
∫
X

= Γc ◦ ∆∗BunG
(PX ⊠ −). By [AGK+22b, Corollary 3.3.7], we know that

Γc ◦ ∆∗BunG
|ShvNilp(BunG)⊗2 = evMir is the counit map for the Miraculous duality on ShvNilp(BunG). By

[AGK+22b, Proposition 3.4.6], we know
∫
X
|ShvNilp(BunG) = evMir(Pr

X ⊗ −), where Pr
X = PNilp ∗ PX is the

image of PX under the right adjoint (to the forgetful functor) PNilp : Shv(BunG)→ ShvNilp(BunG) which is
given by the Beilinson’s spectral projector. Note that it is conjectured in [BZSV24, §12.4] that the period
sheaf after spectral projection Pr

X should correspond to the L-sheaf defined in loc.cit.. This gives a way to
understand

∫
X
|ShvNilp(BunG) in terms of miraculous duality and the global conjecture made in [BZSV24].

Remark 6.4. Note that the functor
∫
X
|ShvNilp(BunG) : ShvNilp(BunG) → Vect preserves compact objects.

This observation will be used in [Wan25] to relate fake special cycle classes and isotypic part of special cycle
classes on Shtukas via the functoriality of categorical trace.

6.1.2. Hecke eigensheaves. We propose a definition of higher integrals using the period sheaf and the Hecke
eigensheaves. For this purpose, we recall the notion of Hecke eigensheaf following [AGK+22c, §13]:

Definition 6.5. For σ ∈ LocresǦ (k) (i.e. a map iσ : pt→ LocresǦ ), a Hecke eigensheaf for σ is an object in

Heckeσ := ShvNilp(BunG)⊗QCoh(Locres
Ǧ

) Vect

where QCoh(LocresǦ ) acts on ShvNilp(BunG) via the spectral action [AGK+22c, Theorem0.7.4], and the action
of QCoh(LocresǦ ) on Vect is given by i∗σ : QCoh(LocresǦ )→ Vect.

We summarize some useful properties relating to Hecke eigensheaves:

Proposition 6.6. The following holds:

(1) The map

id⊗ iσ,∗ : Heckeσ = ShvNilp(BunG)⊗QCoh(Locres
Ǧ

) Vect→ ShvNilp(BunG)

admits left adjoint id⊗ i∗σ;
(2) [AGK+22c, §13.1.10] The map

Heckeσ
id⊗iσ,∗−−−−−→ ShvNilp(BunG) ⊂ Shv(BunG)

admits left adjoint Pσ : Shv(BunG)→ Heckeσ.

Given Proposition 6.6 (2), we make the following definition:

Definition 6.7. For σ ∈ LocresǦ (k), we define the Whittaker normalized Hecke eigensheaf of σ to be

LWhit
σ := Pσ(Pnorm

Whit ) ∈ Heckeσ,

where Pnorm
Whit is the normalized Whittaker period sheaf defined in §2.9.

In concrete terms, giving a Hecke eigensheaf Lσ ∈ Shv(BunG) is equivalent to giving the object Lσ ∈
Shv(BunG) together with compatible isomorphisms

ICc∗V □⋆ (Lσ ⊠ kC)
∼=
−→
h {1},g,!(

←−
h ∗gLσ ⊗ ICV )

∼→ Vσ ⊠ Lσ ∈ Shv(C × BunG)
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for V ∈ Rep(Ǧ). Here the two maps
←−
h g,
−→
h {1},g are defined in §4.3.1, and we recall that they form the

diagram

HkgG,{1}

BunG C × BunG

←−
h g

−→
h {1},g .

The sheaf Vσ ∈ Lisse(C) is the value of σ : Rep(Ǧ) → QLisse(C) at V ∈ Rep(Ǧ). Here, Lisse(C) (resp.
QLisse(C)) is the category of lisse sheaves (resp. left completion of ind-lisse sheaves) on C defined in
[AGK+22c, §1.2]. In particular, we know that for each V ∈ Rep(Ǧ)

ICc∗V □⋆ Lσ
∼→ Γ(C, Vσ)⊗ Lσ (6.1)

where the action □⋆ is the action of SatG,ℏ on Shv(BunG) defined in §4.3.2.

6.1.3. Geometric isotypic part.

Definition 6.8. We define geometric σ-isotypic X-period integral to be the vector space∫
X

Lσ ∈ Vect.

6.2. Hecke actions and cocommutator relations. In this section, we study the Hecke action on
∫
X
Lσ

coming from special cohomological correspondences on PX . In the Language of [BZSV24], these Hecke
actions come from the action of the RTF-algebra on the period sheaf. For a more detailed discussion on this
perspective, we refer to [BZSV24, §16.3].

6.2.1. Hecke actions. Suppose we are given a cohomological correspondence

cgV ∈ CorrHkg
G,{1},ICV

(PX ,PX⟨dV − 2⟩) = Hom0(ICV □⋆ PX⟨−dV + 2⟩,PX),

we can define the Hecke action map as the following composition

aV,σ : Γ(C, Vσ)⟨−dV + 2⟩ ⊗
∫
X

Lσ = Γ(C, Vσ)⟨−dV + 2⟩ ⊗ Γc(BunG,PX ⊗ Lσ)

∼→ Γc(BunG,PX ⊗ (ICc∗V □⋆ Lσ))⟨−dV + 2⟩
∼→ Γc(BunG, (ICV □⋆ PX)⊗ Lσ)⟨−dV + 2⟩
→ Γc(BunG,PX ⊗ Lσ)

=

∫
X

Lσ

(6.2)

Moreover, given a local special cohomological correspondence datum (I, V I , {clV x}x∈I) for I = [r] as in
Definition 4.40, we can form special global cohomological correspondences {cgV x}x∈I as in (4.39) and define

aV I ,σ = aV 1,σ ◦ · · · ◦ (id⊗ · · · ⊗ id︸ ︷︷ ︸
(r−1) times

⊗aV r,σ) :
⊗
x∈I

Γ(C, V x
σ )⟨−dI + 2r⟩ ⊗

∫
X

Lσ →
∫
X

Lσ. (6.3)

6.2.2. Commutator relations. Now consider the special cohomological correspondences clV , c
l
W , clV⊗W in Set-

ting 4.42. Note that we have a natural map induced by the cup product

∪ : Γ(C, Vσ)⊗ Γ(C,Wσ)→ Γ(C, (V ⊗W )σ). (6.4)

We have the following corollary of Conjecture 4.45:

Corollary 6.9. Under Setting 4.42, assume Conjecture 4.45 is true. We have the following identity of maps

aV⊠W,σ − aW⊠V,σ = aV⊗W,σ ◦ (∪ ⊗ id) : Γ(C, Vσ)⊗ Γ(C,Wσ)⟨−dV − dW + 4⟩ ⊗
∫
X

Lσ →
∫
X

Lσ.

The proof is straightforward, and we omit it.
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6.3. Middle-dimensional case. In this section, we keep working under Setting 4.42 and assuming further
Assumption 5.4, which gives us a G-invariant bilinear form b : V ⊗W → triv. We assume this bilinear form
is non-degenerate.

6.3.1. Clifford relations. Consider the natural map

evb,σ :Γ(C, Vσ)⊗ Γ(C,Wσ)⟨2⟩
→Γ(C, (V ⊗W )σ)⟨2⟩
→Γ(C, k)⟨2⟩
∼→k

. (6.5)

Here, the first map is the cup product, the second map is induced by b : V ⊗W → triv, the third map is the
natural isomorphism given by the fundamental class of C.

We have the following reformulation of Corollary 6.9:

Corollary 6.10. Under Setting 4.42 and Assumption 5.4, assume Conjecture 4.45 is true. We have the
following identity of maps

aV⊠W,σ − aW⊠V,σ = evb,σ ⊗id : Γ(C, Vσ)⊗ Γ(C,Wσ)⟨2⟩ ⊗
∫
X

Lσ →
∫
X

Lσ.

6.3.2. Clifford algebra. Continue with the setting in the previous section. We now construct an action of a
Clifford algebra on the geometric isotypic part

∫
X
Lσ.

We first construct a symplectic Ǧ-representation (K,ωK) as follows: When V =W , it is easy to see that
b is a symplectic form, we can take (K,ωK) := (V, b); when V and W are not necessarily isomorphic, we can
take (K,ωK) := (V ⊕W,ωcan) where ωcan is the canonical symplectic form constructed in (2.12). Here we
use b to identify V ∼=W ∗.

DefineM := Γ(C,Kρ)⟨1⟩. It is equipped with a symplectic pairing ωM coming from the symplectic pairing
ωK and cup product. From the map (6.2) (take I=[1]), we get an action of the free tensor algebra M⊗ on∫
X
Lσ denoted by

aM,σ :M⊗ ⊗
∫
X

Lσ →
∫
X

Lσ. (6.6)

Suppose we are further under Assumption 5.5, we can also use bgeo in (5.19) instead of b = bλ,µ in (5.21).
The same construction as above gives us a symplectic form ωK,geo on K and a symplectic form ωM,geo on
M . We have ωM = κλ,µ · ωM,geo. We make the following assumption for simplicity:

Assumption 6.11. M ∈ Vect♡.

Then we get the following reformulation of Corollary 6.10:

Corollary 6.12. Suppose we are in Setting 4.42 and further assume Assumption 5.4, Assumption 5.5, and
Assumption 6.11. Suppose Conjecture 4.45 is true, then the action (6.6) factors through the Clifford algebra
Cl(M) = Cl(M,ωM ) introduced in §3.1.1, hence gives us an action map

aM,σ : Cl(M)⊗
∫
X

Lσ →
∫
X

Lσ. (6.7)

Remark 6.13. Assumption 6.11 made in Corollary 6.12 can be weakened to only require that Γ(C, Vσ) and
Γ(C,Wσ) are concentrated in a single degree respectively without difficulty.

6.3.3. Producing Kolyvagin system. Now we would like to apply the machinery in §3. We make the following
assumption:

Assumption 6.14. The geometric σ-isotypic X-period
∫
X
Lσ ∈ Vect is a perfect complex.

We need Frobenius automorphisms on M and
∫
X
Lσ. We make the following setup:

Setting 6.15. We choose σ ∈ LocarithǦ (k) (i.e. a Weil Ǧ-local system on C) and a Weil Hecke eigensheaf

Lσ ∈ HeckeFrob
∗

σ , where Heckeσ is the category of Hecke eigensheaves defined in Definition 6.5.
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Note that for each σ ∈ LocarithǦ (k), the Whittaker normalized Hecke eigensheaf LWhit
σ defined in Defini-

tion 6.7 gives a particular choice of Weil Hecke eigensheaf.
Given a Weil Hecke eigensheaf Lσ, continuing with the assumptions in last section, we get a triple (M,ω, F )

as in Setting 3.9 where F is given by the Frobenius endomorphism of M = Γ(C,Kσ)⟨1⟩, and
∫
X
Lσ is an

F -equivariant Cl(M)-module. We can construct the Kolyvagin system

{zLσ,r ∈M∗⊗r}r∈Z≥0
(6.8)

following Definition 3.31. Then Theorem 3.27 gives us the following result, which can be regarded as a higher
period formula:

Theorem 6.16. Keep the same assumptions as Corollary 6.12. The following identity holds for any r ≥ 0:

ωr,geo(zLσ,r, zLσ,r) = βλ,µ,X(ln q)−r
(
d

ds

)r ∣∣∣
s=0

(q(g−1) dim(K)sL(Kσ, s+ 1/2)) (6.9)

where βλ,µ,X := κ−rλ,µλ(
∫
X
Lσ)(−1)r/2. The bilinear form ωr,geo : (M⊗r)⊗2 → k is induced from ωM,geo :

M⊗2 → k as in (2.10), the factor λ(
∫
X
Lσ) is defined in (3.24).

Proof. One just note that we have dim(M) = dimΓ(C,Kσ)⟨1⟩ = (0|2(g − 1) dim(K)),

L(Kσ, s+ 1/2) = L(M,F, s),

and zLσ,r is non-zero only if r is even. Then the formula follows from Theorem 3.27. □

7. Example: higher Rankin–Selberg convolutions

In this section, we consider the example G = GLn×GLn−1 and X = GLn, where G acts on X via

x · (gn, gn−1) = g−1n−1xgn

for (gn, gn−1) ∈ GLn×GLn−1 and x ∈ X = GLn, where we regard GLn−1 as a subgroup of GLn via
gn−1 7→ diag(gn−1, 1). In this case, we have Ǧ = GLn×GLn−1 and M̌ = T ∗(Stdn ⊠ Stdn−1), where the
Ggr-action on M̌ is the scaling action (i.e. weight one on both Stdn ⊠ Stdn−1 and (Stdn ⊠ Stdn−1)

∗).

• In §7.1, we discuss the local aspect of this example.
• In §7.2, we discuss the global aspect of this example.
• In §7.3, we combine the input and get the higher Rankin–Selberg integral formula Theorem 7.11.

7.1. Local input. We first discuss the local aspect of this example. The key result is Proposition 7.1.

7.1.1. Construction of local special cohomological correspondences. Conjecture 4.36 in this case is proved in
[BFGT21]. In particular, it tells us that Assumption 5.4 holds for V := Stdn⊠Stdn−1, W := Std∗n⊠Std∗n−1,

and we are going to introduce the local special cohomological correspondences clV and clW used in loc.cit.
We directly apply the construction in §5.1. Using the notations in loc.cit, we have H = GLn−1 regarded
as a subgroup of G = GLn×GLn−1 via diagonal embedding. Under the standard identification X∗(T ) =
Zn ⊕ Zn−1. We have

λV = ((1, 0, . . . , 0), (1, 0, . . . , 0)) ∈ X∗(T )

and

λW = ((0, . . . , 0,−1), (0, . . . , 0,−1)) ∈ X∗(T ).

Note also that X∗(TH) = Zn−1. We take

λ = λStdn−1
:= (1, 0, . . . , 0) ∈ X∗(TH)+,

and µ = −λ. Then we have λ+ = λV and µ+ = λW . The construction (5.17) gives us

clV := clV,λ ∈ Corr
HkX̊,l

G ,ICV
(δXl , δ

X
l ⟨1⟩), clW := clW,−λ ∈ Corr

HkX̊,l
G ,ICW

(δXl , δ
X
l ⟨1⟩). (7.1)
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7.1.2. Determine the number κλ,−λ in (5.22). Now we can apply the method in §5.3 to determine the number
κλ,−λ in (5.22). The result is the following:

Proposition 7.1. We have κλ,−λ = (−1)n−1. In other word, we have

clV ◦ clW − clV ◦ clW = (−1)n−1ℏ · bgeo ∈ Hom0(ICV⊗W ∗δXl , δXl ⟨2⟩).

Here bgeo : V ⊗W → triv is defined in (5.19).

Remark 7.2. The number κλ,−λ can also be read off from the proof of Conjecture 4.36 in this case given
in [BFGT21]. Since we are using different conventions on Hecke actions, to avoid confusion, we prefer to
provide a direct approach to determine this number.

Proof of Proposition 7.1. Using the notation in §5.3, we have O(t) = k[x1, . . . , xn, y1, . . . , yn−1], O(tH) =
k[z1, . . . , zn−1], such that the restriction along tH → t is given by xi 7→ zi, yi 7→ zi.

Let

ci :=
∑

J⊂[n],|J|=i

∏
j∈J

xj (7.2)

di :=
∑

J⊂[n−1],|J|=i

∏
j∈J

yj (7.3)

ei :=
∑

J⊂[n−1],|J|=i

∏
j∈J

zj (7.4)

x := x1 (7.5)

y := y1 (7.6)

ci :=
∑

J⊂[n]−{1},|J|=i

∏
j∈J

xj (7.7)

di :=
∑

J⊂[n−1]−{1},|J|=i

∏
j∈J

yj (7.8)

ei :=
∑

J⊂[n−1]−{1},|J|=i

∏
j∈J

zj (7.9)

We have

RG = O(t)WG [ℏ] = k[c1, . . . , cn, d1, . . . , dn−1, ℏ] (7.10)

RH = O(tH)WH [ℏ] = k[e1, · · · , en−1, ℏ] (7.11)

and

MV
∼→MW = k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]⟨2n− 3⟩. (7.12)

We first describe the (RG, RG)-bimodule structure onMV following §5.3.2. The right RG-module structure
on MV is given by the ring map

iG,λ : k[c1, . . . , cn, d1, · · · , dn−1, ℏ]→ k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]
ci 7→ xci−1 + ci

di 7→ ydi−1 + di

ℏ 7→ ℏ

. (7.13)

The left RG-module structure on MV is given by the ring map

ĩG,λ : k[c1, . . . , cn, d1, . . . , dn−1, ℏ]→ k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]
ci 7→ (x− ℏ)ci−1 + ci

di 7→ (y − ℏ)di−1 + di

ℏ 7→ ℏ

. (7.14)
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We can similarly describe the (RG, RG)-bimodule structure on MW : the right RG-module structure on
MW in still given by the same formula (7.13), while the left RG-module structure on MW is given by the
ring map

ĩG,−λ : k[c1, . . . , cn, d1, . . . , dn−1, ℏ]→ k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]
ci 7→ (x+ ℏ)ci−1 + ci

di 7→ (y + ℏ)di−1 + di

ℏ 7→ ℏ

. (7.15)

Following §5.3.3, the map ccohV :MV ⟨−1⟩ ⊗RG
RH → RH can be identified with the composition

ccohV :k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]⊗RG
k[e1, . . . , en−1, ℏ]⟨2n− 4⟩

→k[z, e1, . . . , en−2, ℏ]⟨2n− 4⟩
→k[e1, . . . , en−2, ℏ]

(7.16)

The first map in (7.16) is k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]-linear on the left and k[e1, . . . , en−1, ℏ]-linear
on the right (both consider the most natural module structure). The second map in (7.16) is the unique
k[e1, . . . , en−1, ℏ]-linear map satisfies zn−2 7→ (−1)n (see Remark 5.14). Here, the linearity is defined via

ĩH,λ.
Similarly, the map ccohW :MW ⟨−1⟩ ⊗RG

RH → RH can be identified with the composition

ccohW :k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]⊗RG
k[e1, . . . , en−1, ℏ]⟨2n− 4⟩

→k[z, e1, . . . , en−2, ℏ]⟨2n− 4⟩
→k[e1, . . . , en−2, ℏ]

(7.17)

The first map in (7.17) is k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]-linear on the left and k[e1, . . . , en−1, ℏ]-linear
on the right (both consider the most natural module structure). The second map in (7.17) is the unique

k[e1, . . . , en−1, ℏ]-linear map satisfies zn−2 7→ 1. Here, the linearity is defined via ĩH,−λ.
Following §5.3.4, the map bcohgeo can be identified with the composition

bcohgeo :k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]⊗RG
k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]⟨4n− 8⟩

→k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]⟨4n− 8⟩
→k[c1, . . . , cn, d1, . . . , dn−1, ℏ]

(7.18)

The first map in (7.18) is the unique k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]-bilinear map where the left module
structure on the second line comes from the twisted ring map x 7→ x− ℏ, y 7→ y − ℏ (and no twist on other
generators). The second map in (7.18) is the unique k[x, c1, . . . , cn−1, y, d1, . . . , dn−2, ℏ]-linear map such that

xn−1yn−2 7→ −1. Here, the linearity is defined via ĩG,λ.
The only thing needs extra work is the description of swV,W , which is given by the following lemma:

Lemma 7.3. The map swV,W :MV ⊗RG
MW →MW ⊗RG

MV satisfies

xiys ⊗ xjyt 7→ xjyt ⊗ xiys

for 0 ≤ i, j ≤ n− 1, 0 ≤ s, t ≤ n− 2 such that 0 ≤ i+ j ≤ n− 1, 0 ≤ s+ t ≤ n− 2.

Proof. This follows from the characterization of swV,W given in §5.3.5 via elementary arguments. We leave
it to the reader. □

Now we can easily determine the scalar κλ,−λ. Consider x
n−1⊗yn−2⊗1 ∈MV ⟨−1⟩⊗RG

MW ⟨−1⟩⊗RG
RH .

We have

ccohV ◦ ccohW (xn−1 ⊗ yn−2 ⊗ 1) = ccohV (xn−1 ⊗ 1)

= (−1)n(e1 + (n− 1)ℏ)
(7.19)

ccohW ◦ ccohV ◦ swV,W (xn−1 ⊗ yn−2 ⊗ 1) = ccohW ◦ ccohV (yn−2 ⊗ xn−1 ⊗ 1)

= ccohW ((−1)nyn−2 ⊗ (e1 + (n− 1)ℏ))
= (−1)n(e1 + (n− 2)ℏ)

(7.20)
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κλ,−λℏ · bcohgeo(x
n−1 ⊗ yn−2 ⊗ 1) = −κλ,−λℏ (7.21)

Comparing (7.19) (7.20) (7.21) with (5.36), we get κλ,−λ = (−1)n−1. This concludes the proof.
□

7.2. Global input. Now we turn to the global aspect of the example. The main result in this section is
Theorem 7.8.

We write Bunn := BunGLn , and we have a connected components decomposition Bunn =
∐

d∈Z Bun
d
n

according to the degree. Then we have BunXG = Bunn−1 and the period sheaf PX = π!kBunn−1
where

π : Bunn−1 → Bunn−1×Bunn (7.22)

is given by

π(E) = (E , E ⊕ O)
for E ∈ Bunn−1, where O is the structure sheaf on the curve C.

7.2.1. Hecke eigensheaves for GLn. In this section, we briefly recall some properties of the (Weil) Hecke

eigensheaf LFGV
σ for each σ ∈ Locres,irrGLn

(k) (i.e. σ is a geometrically irreducible rank n local system on C)
constructed in [FGV02]. Our normalization will be different from the normalization in loc.cit. Since the
numerical statement Theorem 6.16 is very sensitive to the Weil structure on the Hecke eigensheaf, we add a
superscript FGV in the notation LFGV

σ to distinguish it from an arbitrary Hecke eigensheaf.

Fix a line bundle L ∈ Pic. Define Bun′Ln to be the moduli space whose S points is given by

Bun′Ln (S) = {Ω(n−1)/2 ⊗ L ⊂ E|E ∈ Bunn(S)}. (7.23)

where we always use ⊂ to denote inclusion of coherent sheaves. Denote the moduli space of rank 0 coherent
sheaves on C by Coh0. Consider the moduli space BunN,ρ̌(Ω)⊗L defined by

BunN,ρ̌(Ω)⊗L(S) = {E1 ⊂ E2 ⊂ · · · ⊂ En|Ei ∈ Buni(S), Ei/Ei−1
∼→ Ω(n−1)/2−i+1 ⊗ L, i ∈ [n]}. (7.24)

Consider the moduli space

QLn := {E1 ⊂ · · · ⊂ En ⊂ En+1|(E1 ⊂ · · · ⊂ En) ∈ BunN,ρ̌(Ω)⊗L(S), En+1 ∈ Bunn(S), En+1/En ∈ Coh0(S)}
(7.25)

We have similar degree decomposition Coh0 =
∐

n∈Z Coh
d
0 and QLn =

∐
n∈Z Q

L,d
n , where QL,dn is defined

by deg(En+1) = d.

There is a natural decomposition LFGV
σ =

⊕
d∈Z LFGV,d

σ such that LFGV,d
σ is supported on Bundn.

Recall the Laumon sheaf Lσ =
⊕

d∈Z≥0
Ld
σ ∈ Shv(Coh0) whose construction is given in [FGV02, §2.1]

(our Ld
σ is the same as Ld

E for E = σ in loc. cit.). The sheaf Ld
σ is a shift of an irreducible perverse sheaf

and lies in (naive) cohomological degree 0 on the semisimple locus of Coh0.
For each d ∈ Z, consider diagram

QL,dn Bun′L,dn BunL,dn

A1 × Coh
d−n deg(L)
0

vL,d
n

evL,d
n ×αL,d

n

ρL,d
n

(7.26)

where the maps in (7.26) are defined by

vL,dn (E1 ⊂ · · · ⊂ En ⊂ En+1) = (Ω(n−1)/2 ⊗ L = E1 ⊂ En+1) ∈ Bun′L,dn

evL,dn (E1 ⊂ · · · ⊂ En ⊂ En+1) = q(E1 ⊗ L−1 ⊂ · · · ⊂ En ⊗ L−1) ∈ A1

αL,dn (E1 ⊂ · · · ⊂ En ⊂ En+1) = En+1/En ∈ Coh
d−n deg(L)
0

for (E1 ⊂ · · · ⊂ En ⊂ En+1) ∈ QL,dn where q : BunN,ρ̌(Ω) → A1 is the map in (2.19), and

ρL,dn (Ω(n−1)/2 ⊗ L ⊂ E) = E

for (Ω(n−1)/2 ⊗ L ⊂ E) ∈ Bun′L,dn .
Define

WL,dσ := evL,d,∗n AS⊗ αL,d,∗n Lσ⟨dim(QL,dn )⟩ (7.27)
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where AS is the Artin-Schreier sheaf in (2.18) and

dim(QL,dn ) = dim(BunN,ρ̌(Ω)) + (d− ndeg(L))n = (1− g)(
∑

i∈[n−1]

i2) + (d− ndeg(L))n (7.28)

for d− n deg(L) ≥ 0.
The main input is the following:

Proposition 7.4. [FGV02, §7.9,Corollary 9.3,§8.7]
(1) There exists a unique (perverse) Hecke eigensheaf LFGV

σ ∈ Heckeσ satisfying

ρO,d,∗
n LFGV

σ
∼→ vO,d

n,! W
O,d
σ ⟨−d+ n2(g − 1)⟩,

where d− n2(g − 1) = dim(Bun′O,d
n )− dim(Bunn) (dim is understood as expected dimension).

(2) For every d ∈ Z, LFGV,d
σ := LFGV

σ |Bund
n
is a clean extension from a quasi-compact open substack of

Bundn.
(3) We have

DVerdier(LFGV
σ )

∼→ LFGV
σ∗

where DVerdier : Shv(BunG)→ Shv(BunG) is the Verdier duality functor.

Remark 7.5. When n = 1, one can easily check LFGV
σ

∼→ Lσ where Lσ is defined in §2.10.

We have the following corollary of Proposition 7.4:

Corollary 7.6. For any L ∈ Pic(Fq), we have

ρL,d,∗n LFGV
σ

∼→ vL,dn,! W
L,d
σ ⟨−(d− ndeg(L)) + n2(g − 1)⟩ ⊗ (Ldetσ)L⟨−(g − 1)⟩

where (Ldetσ)L is the stalk at L ∈ Pic(Fq) of the Hecke eigensheaf Ldetσ with eigenvalue detσ introduced in
§2.10.

Proof of Corollary 7.6. Consider mL : Bunn → Bunn defined by

mL(E) = E ⊗ L ∈ Bunn (7.29)

for E ∈ Bunn. From the Hecke-eigen property of LFGV
σ , we know

m∗LLFGV
σ

∼→ LFGV
σ ⊗ (Ldetσ)L⟨−(g − 1)⟩. (7.30)

Consider the diagram

QL,dn Q
O,d−n deg(L)
n

Bun′L,dn Bun′O,d−n deg(L)
n

Bundn Bund−n deg(L)
n

mQ

L−1

∼

vL,d
n vO,d

n

ρL,d
n

m′
L−1

∼

ρO,d
n

mL−1

∼

(7.31)

where

mQ
L−1(E1 ⊂ · · · ⊂ En ⊂ En+1) = (E1 ⊗ L−1 ⊂ · · · ⊂ En ⊗ L−1 ⊂ En+1 ⊗ L−1) ∈ QO,d−n deg(L)

n (7.32)

for (E1 ⊂ · · · ⊂ En ⊂ En+1) ∈ QL,dn , and

m′L−1(Ω(n−1)/2 ⊗ L ⊂ E) = (Ω(n−1)/2 ⊂ E ⊗ L−1) ∈ Bun′O,d−n deg(L)
n (7.33)

for (Ω(n−1)/2 ⊗ L ⊂ E) ∈ Bun′L,dn . It is easy to see that all horizontal maps are isomorphisms. Then our
desired isomorphism follows from Proposition 7.4 (1), (7.30) and

mQ,∗
L−1WO,d−n deg(L)

σ
∼→WL,dσ .

□

Remark 7.7. Our normalization is different from [FGV02] as follows: One gets the sheaf AutE for E = σ
in loc.cit when taking L = Ω(n−1)/2 instead of L = O in Proposition 7.4 (1). Moreover, Corollary 7.6 tells

us that LFGV
σ

∼→ AutE ⊗(LdetE)Ω(n−1)/2⟨−(g − 1)⟩ for E = σ.
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7.2.2. Computing
∫
X
LFGV
σ . From now on, we fix σ = (σn, σn−1) ∈ Locres,irrGLn

(k) × Locres,irrGLn−1
(k). Consider

the diagram

QΩ−n/2,d
n−1 QΩ−(n−1)/2,d

n

Bun′Ω
−n/2,d

n−1 Bundn−1 Bun′Ω
−(n−1)/2,d

n

Bundn

sdQ

vΩ−n/2,d
n−1

pΩ−n/2,d
n−1

vΩ−(n−1)/2,d
n

ρΩ−n/2,d
n−1

sd

rd
ρΩ−(n−1)/2,d
n

⌟

(7.34)

where the right column is the top row of (7.26) (taking L = Ω−(n−1)/2) and the left triangle is also the top
row of (7.26) for n− 1 (taking L = Ω−n/2). The map rd is defined by

rd(E) = E ⊕ O ∈ Bundn

for E ∈ Bundn−1. The map sd is defined by

sd(E) = (Ω(n−1)/2 ⊗ Ω−(n−1)/2 = O ⊂ E) ∈ Bun′Ω
−(n−1)/2,d

n

for E ∈ Bundn−1. The map sdQ is defined by

sdQ(E1 ⊂ · · · ⊂ En−1 ⊂ En) = (O ⊂ E1 ⊕O ⊂ · · · ⊂ En−1 ⊕O ⊂ En ⊕O) ∈ QΩ−(n−1)/2,d
n

for (E1 ⊂ · · · ⊂ En−1 ⊂ En) ∈ QΩ−n/2,d
n−1 .

Note that the square in (7.34) is Cartesian. Define d0 := d − (n − 1) deg(Ω−n/2) = d + n(n − 1)(g − 1).
The geometric σ-isotypic X-period defined in Definition 6.8 in this example is

∫
X

LFGV
σ =

⊕
d∈Z

∫
X,d

LFGV
σ (7.35)

where ∫
X,d

LFGV
σ := Γ(Bundn−1, π

∗LFGV
σ |Bund

n−1
), (7.36)

and the main result in this section is the following (essentially proved in [Lys99]):

Theorem 7.8. For each d ∈ Z, there is a canonical isomorphism

∫
X,d

LFGV
σ

∼→ Symd0(Γ(C, σn−1 ⊗ σn)⟨1⟩)⊗ (Ldetσn−1)Ω−n/2 ⊗ (Ldetσn)Ω−(n−1)/2⟨(n2 − 2)(g − 1)⟩.
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Proof of Theorem 7.8.
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We make some remarks on this seemingly burdensome computation. The step (7.41) uses proper base
change for the Cartesian square in (7.34). The step (7.46) is a direct consequence of [Lys99, §2.1Main Local
Theorem]. All other steps are straightforward given Proposition 7.4 and Corollary 7.6.

□

Remark 7.9. For the convenience of the reader, we compare our notations with notations used in [Lys99].

Our moduli space QΩ−n/2,d
n−1 is isomorphic to n−1Qd0

in loc.cit via tensoring Ωn−1.18 Under this isomorphism,

forgetting the parity, our sheaf WΩ−n/2,d
σn−1

can be identified with n−1Fd0
σn−1

in loc.cit, and sd,∗Q WΩ−(n−1)/2,d
σn

can be identified with n−1Fd0
σn
⟨d0 − (n− 1)2(g − 1)⟩ in loc.cit.

Remark 7.10. When n = 2, the identity (7.46) is obvious, and we recommend the reader work through
this case to see what is happening here.

7.3. Obtaining higher period formulas. Now we combine all the input from §7.1 and §7.2 together, and
prove the higher Rankin–Selberg period integral formula Theorem 7.11(Theorem 1.2).

Recall we use g to denote the genus of the curve C. Since there is no geometrically irreducible local system
of rank ≥ 2 on C when g = 1, we can assume g ̸= 1. Since Conjecture 4.36 is true in this case, we know that
Assumption 4.43 and Assumption 4.46 are true. Then Theorem 4.47 implies that Conjecture 4.45 is true for
the local special cohomological correspondences clV and clW constructed in (7.1).

Now, we can apply the construction in §6.3.2. We take K = V ⊕ V ∗, where V = Stdn ⊠ Stdn−1. Let
λ = λStdn−1

∈ X∗(TGLn−1
). Then we have two non-degenerate bilinear forms b = bλ,−λ : V ⊗ V ∗ → triv

and bgeo : V ⊗ V ∗ → triv defined in (5.21) and (5.19) respectively. These two bilinear forms give two
symplectic forms ωM : M⊗2 → k and ωM,geo : M⊗2 → k as in §6.3.2. Then Proposition 7.1 implies
ωM = (−1)n−1ωM,geo.

Using the local special cohomological correspondences clV and clV ∗ , Corollary 6.12 makes
∫
X
LFGV
σ an

F -equivariant Cl(M)-module introduced in Definition 3.30. To completely determine this module, we only
need to compute the invariant λ(

∫
X
LFGV
σ ) defined in (3.24).

Note that
∫
X
LFGV
σ =

⊕
d∈Z

∫
X,d

LFGV
σ is naturally Z-graded on which Γ(C, Vσ)⟨1⟩ acts by degree 1

endomorphisms and Γ(C, V ∗σ )⟨1⟩ acts by degree -1 endomorphisms. In particular, any non-zero vector in
the one-dimensional subspace

∫
X,2n(n−1)(g−1) L

FGV
σ ⊂

∫
X
LFGV
σ will be a highest vector in the sense of

Proposition 3.37. Then Proposition 3.37 implies that

λ(

∫
X

LFGV
σ ) = (F |∫

X,2n(n−1)(g−1)
LFGV
σ

)2ϵ(σn ⊗ σn−1)−1

= q−n
2(g−1)χ−ndetσn−1

(Ω)χ−n+1
detσn

(Ω)ϵ(σn ⊗ σn−1)
(7.48)

The Hecke characters χdetσn−1
, χdetσn

are introduced in §2.10.1.
Form the Kolyvagin system

{zLFGV
σ ,r ∈M∗⊗r}r∈Z≥0

(7.49)

as in (6.8). We can now apply Theorem 6.16 and get the following:

Theorem 7.11. Under the setting above, the following identity holds for any r ≥ 0:

ωr,geo(zLFGV
σ ,r, zLFGV

σ ,r) = βσ(ln q)
−r

(
d

ds

)r ∣∣∣
s=0

(q2n(n−1)(g−1)sL(σn ⊗ σn−1, s+ 1/2)L(σ∗n ⊗ σ∗n−1, s+ 1/2))

(7.50)
where the bilinear forms ωr,geo are induced from ωgeo, and

βσ := (−1)r/2q−n
2(g−1)χ−ndetσn−1

(Ω)χ−n+1
detσn

(Ω)ϵ(σn ⊗ σn−1).

Here the Hecke characters χdetσn−1
, χdetσn

are introduced in §2.10.1.

Remark 7.12. Proposition 5.3 gives us a simple description of the special cohomological correspondences
cV , cV ∗ on the period sheaf PX . This allows us to formulate Theorem 7.11 completely in terms of global
constructions.

18Without tensoring, our moduli Q
Ω(n−2)/2,d+(n−1)(n−2)(g−1)
n−1 is literaly the same as n−1Qd in loc.cit
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