DIAGONAL CYCLES ON SHTUKAS AND THE ADJOINT L-FUNCTION

ZEYU WANG

ABSTRACT. We study diagonal cycles on moduli spaces of shtukas for groups of the form H x H, where
H is a split simple reductive group, allowing arbitrary modification types. We relate their self-intersection
numbers, with insertions of determinant line bundles, to higher derivatives of adjoint L-functions. This gives
a general Gross—Zagier-type identity over function fields for groups of arbitrary type, and suggests a parallel
conjectural picture for arithmetic intersections on Shimura varieties.
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1. INTRODUCTION

1.1. Motivation. The Langlands program relates automorphic representations of a reductive group G to
Galois representations valued in the Langlands dual group G. More generally, the relative Langlands program
predicts that period integrals of automorphic forms associated to a G-variety X should be related to special
values of L-functions attached to the corresponding Galois representations and controlled by a dual G-
variety X. While many instances of this phenomenon have been studied for decades, a systematic conceptual
framework has only recently emerged in the celebrated work of Ben-Zvi-Sakellaridis—Veckatesh [BZSV24].

The Gross—Zagier formula proved in [GZ86], however, suggests the existence of an arithmetic analogue
of the relative Langlands program. It relates the Néron—Tate height pairing of Heegner points on elliptic
curves to the central derivative of the associated L-function. This may be viewed as the case G = PGLq
and X = G/H, where H is a non-split torus of G, with period integrals replaced by arithmetic intersection
pairings of special cycles on Shimura varieties, and special values of L-functions replaced by special values
of derivatives of L-functions. Various higher-dimensional generalizations of the Gross—Zagier formula have
since been proposed and studied, most notably the arithmetic Gan—Gross—Prasad conjectures formulated in
[Zhal2]. These conjectures, together with their existing generalizations, are, however, largely restricted to
groups of type A, B, or D, and to situations in which the representation V € Rep(@) governing the Shimura
variety is the standard representation.

The celebrated work of Yun-Zhang [YZ17] established a function field analogue of the Gross—Zagier
formula by replacing Shimura varieties with moduli of Shtukas. In this setting, intersection numbers of special
cycles on moduli of Shtukas are related to higher derivatives of L-functions. In the works [LW25, Wan25], a
conceptual generalization of the Yun—Zhang formula was proposed for split groups and affine homogeneous
strongly tempered spherical varieties, and proved in the case G = GL, x GL,,_; and X = GL,,. Although
conceptually appealing, the framework of [LW25, Wan25] is limited to the strongly tempered setting, which
imposes a strong restriction on the representation V & Rep(G’) governing the modification type of the
Shtukas: namely, V must occur as a direct summand of T*X, viewed as a G-representation when X is
strongly tempered. Moreover, affine homogeneous strongly tempered spherical varieties are rather rare; see
[WZ25].

In this article, we study the group case G = H x H and X = H, where H is a split simple group.
We consider the diagonal cycle in the moduli of G-Shtukas, allowing essentially arbitrary representations
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V € Rep(G) to govern the modification type. We study the intersection pairing of the diagonal cycle with
itself together with the determinant line bundle, and relate it to special values of higher derivatives of adjoint
L-functions associated to Galois representations. As far as we know, this provides the first instance of a
Gross—Zagier-type formula for groups of arbitrary types.

1.2. Main result. Let C be a smooth proper geometrically connected curve over a finite field F; of char-
acteristic p, and let G' be a split semisimple group over F,. Fix a maximal torus 7" C G, and let G denote
the Langlands dual group of G over k = Q,, where ¢ # p. Throughout, we work with étale sheaves with
k-coefficients. We assume that p satisfies the hypothesis in [GR25, §0.1.9], which in particular holds for
sufficiently large p.

Fix an integer > 0 and set I = {1,...,7r}. For a sequence of dominant coweights A\; = (A1,...,A;) of
G, let Shtg <, denote the moduli stack of G-Shtukas with modifications bounded by A;. It is a Deligne—
Mumford stack locally of finite type, of dimension

dy, =Y (25, \),

i=1
where 2p is the sum of positive roots of G. We study the intersection cohomology with compact support
ITH}(Shtg <y,).

Let O(Loc‘gith) denote the algebra of excursion operators. Given a G-Weil local system ¢ on C, let

Xo : O(Locgith) — k

be the associated character. By [AGK™22a], the algebra O(Locgith) acts canonically on TH}(Shte <»,). We
may therefore consider the o-isotypic component

IH:(Shtcyg)\I)g C IH:(ShtG’S)\I),

on which O(Locgith) acts through the character y,-.
We are primarily interested in the case where o is geometrically strongly irreducible.

Definition 1.1 (Strongly irreducible local systems).

e A G-local system & on C’E is called strongly irreducible if it is irreducible and its centralizer in G is

equal to the center Z(G).
e A G-Weil local system ¢ on C is called geometrically strongly irreducible if the induced G-local
system & on Cﬂ is strongly irreducible.

When o is geometrically irreducible, the o-isotypic component IH}(Shtg,<x,)s is a finite-dimensional
vector space.

1.2.1. Intersection pairing. To simplify the notation in the introduction, we suppress Tate twists. There is
a natural intersection pairing

<_7 _>>\I : IH:(ShtG7S)\I)®2 — k. (11)
See (4.3) for a more precise formulation. This pairing restricts to the isotypic components:
(= =0t TH(Shtg,<x,)o @ TH; (St <x;)eq (o) = Ks (1.2)

where cg : G — G denotes the Cartan involution. Our first result establishes the nondegeneracy of this
pairing for geometrically strongly irreducible local systems.

Theorem 1.2 (Corollary 4.3). For every geometrically strongly irreducible G-Weil local system o, the pairing
(1.2) is nondegenerate.

Remark 1.3. One can remove the semisimplicity assumption on G by restricting to a single connected
component of Shtg <y,. In the case G = GL,,, such an analogous statement was proved in [Wan25, Corol-
lary 6.13].
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1.2.2. Diagonal cycle and the adjoint L-function. We now specialize to the case G = H x H, where H is a
split simple group over F,. Fix a maximal torus Ty C H, and set T'= Ty x Th.
Let Agr = (A1, Amr) € X, (TH)fr be a sequence of dominant coweights of H. We associate to it
with the sequence
M=, Amr) € Xo (1)L

The diagonal embedding H < H x H induces a morphism
ASht : ShtH,SAH,I — ShtG,S)\I . (13)

It defines a Borel-Moore homology class
Ashi r[ShtH <Am, 1] € IHdAI

which we call the diagonal cycle on the moduli of Shtukas.
For each ¢ € I, let

T (Shtg,<n,)", (1.4)

Edet,i S PiC(ShtH)S)\H,I)Q
denote the determinant line bundle associated to the i-th leg. We also consider the class

ASht,!([ShtH,g)\HJ] U Hcl(ﬁdet,i)) c IH?AI (Sht(;7§>\1)*. (15)

i=1
Let o be a H-Weil local system on C, and define the G-Weil local system
o= (ou;cplon)),

where c¢j; denotes the Cartan involution of H. We are interested in the o-isotypic components of the above
cycle classes:

d r %
(Asnea[Shtar, <y D)o € TH ™ (Shtg<n, ) (1.6)
and
r i, .
(AShtJ ([ShtH,SAH,I] U H C1 (‘cdet,i))) e IH, (ShtG7§/\1)g~ (17)
i=1 7

By Theorem 1.2, when o is geometrically strongly irreducible, the pairing (1.2) induces a nondegenerate
dual pairing
<_7 _>§1,a' : IH: (ShtG7§)\I); ® IH? (Shthﬁ)\I)ZG(a) — k. (18)

The following theorem is the main result of this article.

Theorem 1.4. Assume that o is geometrically strongly irreducible and that Shty <y, , # @. Suppose
moreover that g is automorphic." Then

<<Asm,1 ([Sht g, <y U H Cl(cdet,i)))ga (Ash,! [ShtH,g,\H,I])CG,(U)%
i=1 " (1.9)

- () ()

L(s,bo,,) is the adjoint L-function associated to ogr;
e 71 (H) is the algebraic fundamental group of H, and vr(H) is the rank of H;
o ey, = [[i_, €x,, where €y, are the constants defined in (1.10).

*

;
s=0

where

Remark 1.5. The constant €y is the Dynkin index® of the highest weight representation Vi, € Rep(H).

More precisely,
e = tr(XY,V)\H) _ KIIHH(AH,)\H—FQ,OH)dImVAH XY € 6, (1.10)
Kmin(Xa Y) dim h
where Kpin is the minimal invariant bilinear form on b, normalized as in (2.13), and py denotes the half-sum
of positive roots of . These constants can be viewed as simplified analogues of the eigenweights appearing

in [FYZ26, WW26, Fen26).

IThat is, there exists a compactly supported Hecke eigenfunction fs, on Bung (Fy) with eigenvalue op.
2More precisely, it is the usual Dynkin index multiplied by the lacing number of H.
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Remark 1.6. When G = GL,,, every irreducible GL,-Weil local system is known to be automorphic by
[Laf02]. Tt is expected that the same holds for arbitrary reductive groups. If o is non-automorphic, then
the left-hand side of the identity vanishes.

Remark 1.7. A generalization of Theorem 1.4 to reductive groups should be straightforward. We restrict
to the simple case in order to have a canonical choice of determinant line bundles and to keep the formula
simpler.

1.2.3. Expectation for Shimura varieties. We expect that an analogue of Theorem 1.4 with » = 1 should
hold for Shimura varieties. In particular, this predicts that the constant €, associated with the Hodge
cocharacter p of the Shimura variety appears as a multiplicity factor, a phenomenon that has not previously
been observed.

For H = U(n — 1,1) (for which ¢, = 1) and H = SO(n — 2,2) (for which ¢, = 2), such a conjecture
was formulated in [CLZ], and proved in loc. cit. in the case H = U(1,1) under additional assumptions.
Theorem 1.4 suggests a broad generalization of this conjectural picture to arbitrary Shimura varieties, with
the principal new feature being the more subtle behavior of the constant €.

We list some examples of the constants €y for split simple groups and minuscule coweights Ay € X.(Th )+
in Table 1.

TABLE 1. Values of €y for split simple groups H and minuscule coweights Ay € X.(ThH)+

(H,An) 2
. . -1
(B, standard) 2
(D, standard) 2
(Cy, spin) on—1
(D,,, half-spin) 2n=3
(Es, standard) 6
(E7, standard) 12

1.3. Strategy. We now explain the strategy of the proofs of Theorem 1.4 and Theorem 1.2. The foundation
of the argument is the interpretation of special cycle classes as categorical traces developed in [Wan25],
together with the geometric Langlands theory in positive characteristic developed in [GR25]. Using these
results, we interpret the intersection pairing as the Frobenius-twisted trace of a certain operator, which we
call the intersection observable. This is carried out in §4.

The intersection observable is roughly an endomorphism of the geometric period integral. To compute
it, we prove an analogue of the Atiyah—Bott formula for geometric period integrals: namely, we show that
the geometric period integral is a free (odd) polynomial ring generated by tautological classes (Corollary
3.6), analogous to the Atiyah-Bott description of H*(Bung) as a polynomial ring generated by tautological
classes. Along the way, we construct an action of a Clifford algebra on the geometric period integral (Theorem
3.9), which plays a key role both in the proof of the Atiyah—Bott type formula and in the computation of
the intersection observable. This is the content of §3.

To establish the Clifford algebra action, we reduce the problem to a local computation in the Plancherel
algebra using the formalism of cohomological correspondences. This is the content of §2.

The Clifford algebra action (Theorem 3.9) also appeared in the author’s previous works [LW25, Wan25].
Compared with the strongly tempered setting treated in loc. cit., the Clifford algebra action in the present
tempered setting is more intricate.

1.4. Notations. We work by default with (oo, 1)-categories enriched over Vect, the category of super vector
spaces. For a category C and objects x,y € C, we denote by Hom(z,y) the mapping space from x to y, and
write Hom®(z,y) := H°(Hom(z,y)) € Vect®.

Set k = Q,. For a prestack X, let Shv(X) denote the category of (ind-)constructible étale sheaves on X
with coefficients in k. We refer to [LW25, §4.1] for our conventions on this category. We write ky € Shv(X)
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for the constant sheaf on X. For F € Shv(X), define

Hiy (X, F) =[] H (X, F),
icZ
where H éc) (X,F) := H'(I'(y(X, F)) denotes the i-th cohomology group (with compact support if indicated),
regarded as a super vector space of parity ¢ mod 2. We use (n) = II"[n](n/2) to denote the cohomological
shift by n, Tate twist by n/2, and parity shift by n. We use DV : Shv(X) — Shv(X)° to denote the
Verdier duality functor.

Let C' be a smooth geometrically connected projective curve over Fy. Let D = Spec Fy[t] be the formal
disc, and let Aut(D) denote the group of origin-preserving automorphisms of D. We have an isomorphism
H*(B Aut(D)) = k[h] where h = ¢;(Tp) is the first Chern class of the tangent bundle of D.

For a split reductive group G, let LTG and LG denote the jet group and loop group of G, respectively.
We write Grg := LG/L*G for the affine Grassmannian. Define the local Hecke stack by

Hky, == (L1 G\ Grg)/ Aut(D).

— =
Its global counterpart is the Hecke stack Hkg, equipped with morphisms h, h : Hkg — Bung xC whose
fibers are isomorphic to Grg.

For I ={1,...,r}, let Hkg 1 denote the iterated Hecke stack with r legs. It is equipped with a morphism

= =
ly : Hkgr — CT recording the legs, together with morphisms h 7, h g : Hkeg,; — Bung recording the leftmost
and rightmost G-bundles. The moduli stack of G-Shtukas with 7 legs is defined by the Cartesian diagram

fsns,1

Sht(;J HkG,I

l l(fl ,Frob o?;)
ABun
Bung g Bung x Bung .

For each dominant coweight A € X,(T), let Grg,<x C Grg, HkIG7<)\ C Hky;, and Hkg <) C Hkg denote
the corresponding closed Schubert cells. Define dy := dim Grg <. For a sequence of dominant coweights
Ar =M1, 0) € X*(T)fr7 let Hke <, C Hkg 1 denote the corresponding closed Schubert cell, and define
d>\1 = 22:1 d)\i.

We write ICy (resp. ICj,) for the intersection complex on these Schubert cells, normalized to be perverse
and pure of weight zero along each fiber isomorphic to a Schubert variety, with parity given by dy (resp.
dy,). We write Vy € Rep(G) (resp. Vi, € Rep(G')) for the irreducible representation of highest weight X
(resp. A7). For V € Rep(G) (resp. V! € Rep(G')), we write Sat(V) (resp. Sat(V!)) for the corresponding
sheaf on the relevant Hecke stack under the geometric Satake equivalence. For a G-local system o on C, we
write Vy , (resp. Vi, o) for the local system on C' (resp. C!) obtained by applying Vy (resp. V,) to 0. We
use wy to denote the longest element in the Weyl group.

Let Lget € Pic(Hle)Q denote the determinant line bundle on the local Hecke stack, defined to be inverse
to the convention in [WW26, §4.1.1], namely, its pull-back to Grg is a primitive ample generator of Pic(Grg).
By abuse of notation, we use the same symbol Lge¢ for its pull-back to Hkg. For each i € I, let Lgets €
Pic(Hke¢ 1) denote the pull-back of Lqe under the morphism Hke ; — Hkg recording the modification at
the i-th leg. We use the same notation for its further pull-back to Shteg ;.

Acknowledgment. The author would like to thank his advisor, Zhiwei Yun, for constant encouragement
and many invaluable discussions. He is also grateful to Ryan Chen, Weixiao Lu, and Wei Zhang for helpful
discussions relating to their work [CLZ].

2. SPECIAL COHOMOLOGICAL CORRESPONDENCES
In this section, we study special cohomological correspondences acting on the period sheaf introduced in
[LW25, §4].

2.1. The Plancherel algebra. We begin by recalling the definition of the Plancherel algebra in the group
case, following [BZSV24, §8].
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2.1.1. Derived Satake equivalence. Let G be a split reductive group. Consider the (derived) Satake category
(Satg, *, lsats ) := (Shv(LTG\LG/L*G), *,6¢)
and its variant with loop rotation
(Sate n, *, Isate.p) = (Shv(LTG x Aut(D)\LG »x Aut(D)/L*G x Aut(D)), *, 6c,n)

as monoidal categories with the convolution monoidal operation *. The geometric Satake equivalence proved
in [MV07] gives canonical isomorphisms Satg & Satg 5 = Rep(G)©.
Consider also the renormalized version

Satg" := Shv(LTG\LG/L*TG)™"
and
Satgyy, := Shv(L*G x Aut(D)\LG x Aut(D)/L*G x Aut(D))"™"

where the renormalization makes constructible sheaves compact objects. One has Saﬁcg_Oo >~ Satgn’>_°°

and SatZ, ;> = Saty; > on the eventually coconnective subcategories.

The following theorem is refereed as the derived Satake equivalence:

Theorem 2.1 ([BF08, Theorem 5]). There are natural equivalences of monoidal categories

Sat : QCoh((g*)//G) = Satis
Sat : Mod$, o)~ Satis’.

Here, the shearing (§*)/ places g* in cohomological degree —2, the shearing §/ places § is cohomological degree
2, and Uy (§/) is the graded enveloping algebra of § as considered in [BF0S, §2.2].

Example 2.2. For V € Rep(G), the corresponding object in Modgh(gi) is the Up(§/)-bimodule Uy (§/) @ V

where the left action of Uy(§/) is given by left multiplication on the first factor and the right action is given
by (Y®v) - X=YX®u+hY @ XvforveVand X,Y €g.

2.1.2. Plancherel algebra. From now on, take G = H x H. Let X = H, regarded as a left G-variety via the
action

(h1,hg) - h = hihhyt, (hi,hs) €G, heX.
This is called the group case in [BZSV24]. Define
Saty = Shv(LTG\LX) = Saty, Satx ;= Shv((LTG x Aut(D))\LX) = Satg j -

We regard these as left Satg (resp. Satg.p) module categories, or equivalently as Saty (resp. Satpp)-
bimodules. Let dx € Shv(LTG\LX) (resp. dx,n € Shv((LTG x Aut(D))\LT X) be the basic object, namely
the constant sheaf supported on LTG\L*X (resp. on (LTG x Aut(D))\L*X).

Define the Plancherel algebra to be the algebra object

PLx := Endg,, ¢ (0x) € Alg(Rep(G)). (2.1)
It also has a noncommutative version

PLx 5 := Endg ) (0x,1) € Alg(Rep(G)). (2.2)

2.2. Local special cohomological correspondences. Now we study local special cohomological corre-
spondences in the group case.
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2.2.1. Definition. A local special cohomological correspondence of degree d is an element

¢y € Homy, ) (V, PLx (d)) = Homg,, , (Sat(V) % x,5, Sx,n(d))

for some V € Rep(G) and d € Z.

Given local special cohomological correspondences ¢}, and ¢}, of degree dy and dy respectively, one can
define their composition ¢}, o ¢}, € HomORep(é)(V ® W,PLx n(dv + dw)) as cohomological correspondences
which is also realized by the composition

1 1
VoW L2 PLy w(dy) @ PLy p{dw) = PLy p(dy + dw)

where m is the multiplication map on PLx p.

Given a local special cohomological correspondence clw of degree d and a morphism f : V — W in Rep(@),
one can define the pullback

fraw € Homp o (V. PLx 1 (d)) (2.3)
by the composition
1
VLW S PLy (d).

2.2.2. Ezamples of local special cohomological correspondences. For Ay € X,.(Ty )., we use Vy,, € Rep(H)
to denote the unique irreducible representation with highest weight Agy. Write A = (Mg, Ag) € X (T)+.
Define the local diagonal cohomological correspondence (of modification type A and degree 0) to be the
element
o) € Homy, s (Va, PLx,n) & Homg,y,  (ICx,; #IC_wyxy, 0rr,n) (2.4)
given by the fundamental class of the Satake cycle.
Define the local Lefschetz cohomological correspondence (of modification type A and degree 2) to be the
element
aiiet,)\ S Hom%ep(é)(VA, PLX’h<2>) = HomgatH‘h (IC)\H * IC,wO)\H,(SH’h<2>) (25)

corresponding to the map

*1 !
IC)\H *IC,wOAH M) IC)\H *Icfwo)\H <2> D_A> 5Hﬁ<2>'

Define the local adjoint cohomological correspondence (of degree 2) to be the element

ad' € Homy, ) (h Kk, PLx 5 (2)) & Homgﬂodgﬂ% (Un(H) @ b, Un(6/)(2)) = Hom?, (B, Un(B))(2)) (2.6)

corresponding to the tautological map.

2.2.3. A local commutator relation. Consider the map

acthH € HomORep(H)(6 ® V)\H,V)\H) (2.7)
given by the Lie algebra action. It induces a natural map
acty,  Kid € Homgep(c)((fa REk)® Vi, Va) (2.8)

in the obvious way.
Proposition 2.3. The following identity holds
[ad', 0] = —A(acty, , Wid)*d} € Hom’((h ® k) ® Vi, PLx 4(2)).

Proof. Consider the diagram

Un(b)) 5 @ Vay © Vowgry = Un(6)) @ b @y, 5y Un(0) @ Vi, @p, iy Un(B7) @ Voo
F o,
Un(b)) @ Vi, ®p, iy Un(0)) © B @y, 5y Un() © Voo Un(b/) @b

lid®a01®id lubl

Un(b) © Vay ®u, iy Un(0) ® Vg, (2) Un(0/)(2).




8 ZEYU WANG

Under the identification
Hom®((h X k) © Vi, PLx 5(2)) = Homy 5 g (Un(0)) @b @ Vag @ Vouwor Un(B9)(2)),
Up (b4)
the map ad' o 0& corresponds to the upper right composition, and the map 01}\ o ad! corresponds to the lower
left composition. For 1@ X @ v®@v* € Up(h)) @h @ Vi,, @ V_wyry, the diagram (2.9) applied to this element
gives

13X ®@vev*: 1 X®1velev*
I Ial,\®id
11X ®1l®v* counity,  (v®@v*) ® X

(2.10)
lid®a01®id L‘“l
1

2, counity, (v®v*)X
1v®X Qv —— : . L oy

counity, (v ® v*)X + counity, (Xv®@v*)h
Here, the map counity, , : Va, ® V_oyoa, — k is the natural element given by the Satake cycle. This implies
that

@1 ® X ®vev') = —counity,  (Xv®v")h = —h(acty, K id) o\ (19 X ®v®v*)
as desired.
|

2.3. Local input for the intersection observable. In this subsection, we carry out several local compu-
tations in the Plancherel algebra that will serve as the key local input for the computation of the intersection
observable in §3.5.

Consider the natural element

unity, , € Homyp, g (k, VA © Vouyr) & Homgye , (ICA ¥ 1C 1, 06) (2.11)
corresponding to the Satake cycle. It induces a map
id @ unity_, , Rk = (HRE) @ V3 @ Voyor 2 Va @ (AR E) © Voo (2.12)
Consider also the map

acty_, , Kid: (h R k) @ Vower — Vowor

woA

induced by the Lie algebra action.

2.3.1. Local input for the derivative part. Consider the invariant bilinear form
Fmin t h @b =k (2.13)
normalized such that Kmin(as, as) = 2 for any short root a € X*(TH).3

Proposition 2.4. The following identity holds

([d@unity_, )" (Oher,n 0 (acty_, , Bid)*dL,, 1) = (=1)%# ey ad' € Homp o (8K, PLx 4(2)) (2.14)

where the number €y is defined in (1.10).

Proof. Since the modulo by A map induces an isomorphism HomORep(G)(ﬁ Xk, PLx ,(2)) = Hom%ep(c)(f) X
k,PLx(2)). We can work with the commutative Plancherel algebra PLx instead of the noncommutative
Plancherel algebra PLx 5.

For any V' € Rep(H), by [YZ11, Proposition 5.7], the element
c1(Laet) € Homgy,, (Sat(V), Sat(V)) 2= Hom{y oy -7/, (V © O,V © O(2))
is given by the morphism whose fiber at X € 6* is given by v — Kpin(X)v where Kpip : f)* 5 6 is induced
by (2.13). Under the identification

Hom%ep(é)(ﬁ Rk PLx(2)) = Hom(OQCoh((E*)i/H)(i) ® 0,0(2)),

3That i8S, Kmin = l;Il Kbasic where Kp,sic is the basic invariant form on h and Iz is the lacing number of H.
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the left-hand side of (2.14) modulo /4 corresponds to the composition

hoO
id®unitv_w ®unity_, .
St CHB R Vg O Vewory @ Vag @ Vewgry @ O
Mﬂ/}q{ ® 6 ® Vfw())\H ® V)\H ® V*U)OAH ® O
id@acty_,, ,  ®id@id (2.15)

Vau @ Veworw © Vg @ Voworw ©® O

c1(Lget)®counity_ woAE ®i

d
V)\H ® V*wo)\H ® 0<2>

counit
22,0(2)

where sw is the morphism swapping two factors.

Using the fact that counity , , —and unity_

., defines a duality datum and
H

counity ,, , == (—1)%u counity, = osw € HomORep(H)(VwaAH ® Vay, k),

one checks that this composition coincides with the right-hand side of (2.14) modulo # as desired. O

2.3.2. Local input for the scalar part. For V€ Rep(H) and pu € X*(Ty), we use V() to denote the y-weight
space of V.

Proposition 2.5. We have

unit*\},u,ox(aget,k ° DLwOA) = (1) tlbyh e HomORep(G')(kv PLx r(2))

where
H
by = r(2 Jes. (2.16)
Proof. Under the identification Hom%ep(é)(k,PLX,h@)) o HomgatH,n(éH,hv5H,h<2>)7 the left-hand side of

the desired identity corresponds to the composition

Om,n

unitvinAH *unitvinAH
IC)\H * IC,wOAH * ICAH * IC,MOAH

cl(Ldet)*counit\Lwo)\H *1 (217)

d
IC)\H *IC*UJO/\H <2>

counitVAH

———"0m,n(2)

Using the same identities as in the proof of Proposition 2.4, one checks that this composition coincides with
the categorical trace®

(_1)d>\H trSatH,n (Cl (ﬂdet)v IC/\H) € HomgatH,h <6H7h, 5H,h<2>)-

Since Hom(s)atHﬁ((5Hﬁ7 0m,r(2)) = k- h is one-dimensional, we have trsat,; , (c1(Ldet), ICx; ) = —bxh for some
by € k.
To obtain the desired formula for by, consider the fiber functor

I‘(GrH /Gm, —) : SatH,h — MOdk[[h]]-

As in the proof of [WW26, Theorem4.4], the vector space I'(Gry /G, ICy,, ) admits a filtration by semi-
infinite orbits preserved by ¢;1(Lget) and the associated graded of this filtration is given by

@D Vi W k]

neX*(Twy)

4Note that categorical trace is defined only for symmetric monoidal categories. While Sat 5 is not symmetric monoidal,
the left and right dual of IC,, are canonically identified by using the commutative constraint for Satz = ch(H)o.
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where the shearing is made such that V), (u)ﬂ lies in cohomological degree (pg, 1) with the same parity.

Fmin ({1,

Moreover, the action of ¢1(Lqet) on Vi, (1) is given by — =iz

h. This implies
Kmin (M, . r(H
e Y e i, ) = U
peX*(TH)

]

2.4. Global special cohomological correspondences. Now we turn to global special cohomological
correspondences. Define the period sheaf

Px := Aikpy,, € Shv(Bung), (2.18)

where A : Buny — Bung is the diagonal morphism.

2.4.1. Definition. Given a correspondence between Artin stacks

13

s
B+—C—A

and sheaves F € Shv(A),G € Shv(B),K € Shv(C), we define the space of cohomological correspondences
between F and G with kernel K to be the vector space

Correx(F,G) = Hom® (7 * F & K, h'G).

We refer to [LW25, §4.2] and [WW26, §2.2] for operations on cohomological correspondences with kernels.
A global special cohomological correspondence of degree d with kernel K; € Shv(Hke ;) is an element

K € COI“I"HkG’I,)C(’PX &ECI,’PX &ECI <d>)

Given two finite sets I and J with |I| = r and |J| = s, and given two sheaves K; € Shv(Hkg ;) and
K € Shv(Hkg, 7). This is an obvious operation

O : COHHkG,I,KI (PX Xk, Px XECI) ® COI“erG,J’}(J (PX MEkqs, Px @ECJ)

— Corr 'PX X ECmJ, PX X EcluJ). (2.19)

HkG,IuJJCIgch (

When K; = Sat(V!) and K; = Sat(V”) for V! € Rep(G') and V7 € Rep(G”), under the canonical
isomorphism

Corrgyg 1, 8a6(viRV ) (Px X koo, Px Mkaros) = Corrgyg, o, sar(vigvy) (Px X koror, Px Mkar),
as in [LW25, Conjecture 4.45], one has the commutator operation

[, ]:Corrpyg s sar(vi) (Px Bker, Px Wker) ® Cortp, ; sar(vo) (Px Kkes, Px Kkes)

— Corryyg, 1, sat(virv ) (Px R kgrs, Px Rkqrus) (2.20)
defined by
[cyr,cyu] = cyr@eys — cypaBcyr
for cyr € Corrpyg, ; sar(v)(Px Kker, Px Mker) and ¢y € Corrpi, ; sar(vr)(Px Kker, Px Mkes).
2.4.2. Local-to-global procedure. There is a canonical morphism
g : Hom"(V,PLx 1) — Corrpig sar(v) (Px M ke, Px M ke) (2.21)

sending a local special cohomological correspondence to a global special cohomological correspondence as
defined in [LW25, Definition 4.40]. This procedure is compatible with composition of cohomological corre-
spondences in the sense that for ¢}, € Hom®(V, PLx ) and ¢, € HomO(I/V7 PLx 1), one has

g(cy o ay) = g(ey) o glewy)- (2.22)
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2.4.3. Examples of global special cohomological correspondences. Consider the diagram
Bung xC <—— Hkpy <), — Bunyg xC
J{Axid lAHk J{Axid (2.23)
Bung xC <+—— Hkg <y — Bung xC
Define the global diagonal cohomological correspondence
05 := A™[Hkp,<x,, / Bung xC] € Corrpg 1c, (Px W ke, Px Mke) (2.24)

as considered in [Wan25, §1.3.2].

Similarly, given a sequence of coweights Ag,; = (Ag,i)icr € X.(Ty)L for the finite set I = {1,2,...,7},
define \; = ()\H.,b)\H,I) € X*(T)_I,’_

One considers the diagram

BunH XCI — HkH,S)\I,H Emd BllIlH XCI
iAxid lAHk iAxid (225)
BunG XCI — HkG,§A1 E— BunG XCI

and define the multi-leg version
D)\I = A!Hk[HkH’S)\HJ /BunH XCI] € Corerc,I,ICAI (PX xkcl,tpx gbc[). (226)

Define the global Lefschetz cohomological correspondence

Ddet,,\ = A}{k([HkH_’S)\H /BunH XC] U Cl(»cdet))

(2.27)
S Corerg,IC,\ (PX X EC,'PX X EC<2>)
and its multi-leg version
adet7/\1 = A!Hk([HkI.LS)\HJ /BUDH XCI] U Hcl(ﬁdet,i))
ot (2.28)
S CorerG,hICAI (PX X ECI,PX X ECI <27’>).
It is easy to see that
8(0h) = 0. (2.29)
g(alict,)\) = Odet, A- (2.30)
Define the global adjoint cohomological correspondence to be
ad := g(ad') € Corryy,, sargimn) (Px Mk, Px Kko(2)). (2.31)

2.4.4. A global commutator relation. Consider the map

Ac, 2 Corryy, samm) w10, (PxBke, PxMkq) — Corr (Px®keo, PxRke2(2)). (2.32)

Hke (1,2,Sat(hEE)KIC,
Proposition 2.6. Assuming g # 1, the following identity holds

[@d,05] = —Ac,((acty, , Kid)"0y).
Proof. This follows directly from [LW25, Theorem4.47] and the local commutator relation in Proposition

2.3. Note that [LW25, Assumption4.46(1)] is satisfied in our case, and the condition g # 1 is [LW25,
Assumption 4.46(2)]. O

3. GEOMETRIC PERIOD INTEGRAL

In this section, we study the geometric period integral of a Hecke eigensheaf in the group case. The key
technical result is Theorem 3.9, which constructs a Clifford algebra action on the resulting vector space.
Moreover, in §3.5, we introduce the intersection observable and compute it explicitly, which will play a
central role in the study of the intersection number of diagonal cycles in §4.
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3.1. Definition of the geometric period integral. Consider the map A : Buny — Bung given by the
diagonal embedding. Define the geometric period integral to be the functor

/ : Shv(Bung) — Vect, F — I'.(Bung, A*F). (3.1)
X

Moreover, for each e € m(H) = 7p(Bung ), define the e-component of the geometric period integral to be
the functor

/ : Shv(Bung) — Vect, F +— I'o(Bunfg, A*F). (3.2)
X,e

. . . . . . > ith
We use the notations in §4.1. Fix a geometrically strongly irreducible H-local system oy € Locgglt (k)

and let o = (og,cp(om)) € Locgith(k). Let F,, € Shv(Bung) be a Weil Hecke eigensheaf with eigenvalue
oy that is perverse irreducible on each connected component of Bung, and take
Fo = Fypy WDV (F,,,) € Shv(Bung), (3.3)

which is a Hecke eigensheaf with eigenvalue o.

3.1.1. The graded dimension. We first study the graded dimension of the geometric period integral.

Theorem 3.1. For each e € m(H) and i € Z, we have
dim H( [ F,)=dimATHY(C,b,,,).
X,e
Proof. Ignoring the Tate twist, we have

H([| F)
X,e

:Hé(BunﬁfafaH ®Dvcr(]:0H))
. . !
gHH'(Qg_?) dim H(Bun%, ]:GH ® ]D)Ver(]_—aH)).

o Homi+(2g—2) dim H (]_-UH |Bun% Forn IBUH%)

g/\i+(2gf2) dim H H! (C, 661{)
= A HY(C, Boy)

Here, the second isomorphism follows from [Gail7, Theorem 0.4.5] and [AGKT22b, Corollary 3.3.7], the

fourth isomorphism follows from the fact that F,, corresponds to a skyscraper sheaf on Loc’;® (k) supported

at o under the geometric Langlands correspondence and [GR25, Theorem 0.1.4]. (]

3.1.2. The canonical element. For each e € my(H), there is a natural isomorphism

HO( . Fo) = HY(Bung, Fy,y @ DV(F,,,)) = HY (Bunf, wgung,) = k. (3.4)

We use
New €H(|  Fo) (3.5)
X,e
to denote the element corresponding to 1 € k under the above isomorphism.

3.2. L-observables. Now we introduce L-observables in the group case.

3.2.1. Definition. Following [BZSV24, §18], we consider the algebra of L-observables
Ox. = End( / F.) € Alg(Vect). (3.6)
X
On the level of cohomologies, we have

H*Oy., = End(H*( /X F)). (3.7)
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3.2.2. Gradings by connected components. Note that

@X,a = @ (O)X,(e,e’),o (38)

(e,e")em(H)?

where Oy (c,er),, = Hom( er }—ff’er . We write

@X,e,o = @X,(e,e),a (39)
for e € m(H).

3.2.3. L-observables from special cohomological correspondences. We study L-observables arising from special
cohomological correspondences.

Given a cohomological correspondence ¢y 1 € Corryy,, | sar(v1)(PxMkor, PxXker), there is an associated
map

cw,c,eHomO(vj@o/ ]:J,E(;z@/ F,) = Hom"(T(C, V1) (2r)® / C,,/ F,) = Hom"(T'(C, V1)(2r),0x »)
X X

(3.10)
as considered in [LW25, §6.2.1].
This construction is associative in the following sense: When V! = K/_,V; for V; € Rep(G), and ¢yr =
¢y, @ - - - @y, for cy; € Corrpyg, sat(vy)(Px ke, Px W k), one has

tvio=mo(cy, @ Dy, ) € Hom(T'(C, V) )(2r),0x,5) (3.11)

where m : @?}fa — Ox , is the multiplication map.

Moreover, the construction is compatible with fusion in the following sense: Given V! € Rep(él ) and
Cyr € COH‘HkG‘I,Sat(VI)(,PX @ECI,'PX gkc[). Consider AZVI S Rep(G) and

CArLvI = Abeyr € COFTHkG,Sat(A;;VI)(PX Nkc, Px Kke)
where A : G — G' and A¢ : C — CT are the diagonal maps. Then
CALVIe = Cvi, 0 Acy € Hom"(T'(C, ALV)(2),0x ) (3.12)

where Ac, : T'(C, ALV (2) — T(CF,VI)(2r) is the Gysin homomorphism.
Combining (3.11) and (3.12), note that A¥(cy,@- - @ey,) = ¢y, 0 --- 0 ¢y, we have

(ev, 0 0cy, )y =mo(cy, 0 @ ®cy, 4) 0 Agy € Hom(I(C, R) Vio)(2), Ox o). (3.13)

i=1

3.2.4. Ezamples of L-observables. For each A = (A, Ag) € X.(T)4, let ex € m(H) be the image of Ay
under the natural map X, (Tx) — 71 (H). From (2.24), we obtain the diagonal L-observables

(C Vi 0) @ ©X ,(e+ex,e),0 C Ox o (314)
eemy(H)

From (2.27), we obtain the Lefschetz L-observable

adet,A,U :T C V)\ o’ @ (O)X (e+ex,e),0 - ©XU (315)
eemi(H)

From (2.31), we obtain the adjoint L-observable

F(Cv BUH) — @ @X,e,a C @X,a~ (316)

ecm(H)
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3.2.5. Translation L-observables. Now we introduce translation L-observables, which canonically identify
the cohomologies of the geometric period integrals on different connected components of Bung .

Definition 3.2. For e,e’ € mi(H), an element 1. € H°Ox (o), is called a translation L-observable
(from €’ to e) if it satisfies the following conditions:

(1) Teer (ne’,o) = Te,o;
(2) 1, commutes with diagonal L-observables (3.14), that is, for each A = (Mg, Ag) € X.(T)+ such
that ey = 0, we have

le,e’ o H*(D)\,O’) == H* (a)\,a) o 16,&’ S Homo (H*(Ca V)\,U)(2)a H*(O)X,(e,e’),o);
(3) When e = ¢/, we require that 1. . € H’Ox . is the unit.

Proposition 3.3. For every pair e,e¢’ € w1 (H), the translation L-observable 1. . € HO(O)X’(E’Q/),U ezists and
is unique. Moreover, it induce an isomorphism le o : H* ([ , Fo) = H* ([ Fo)-

Proof. The uniqueness is a consequence of Corollary 3.6. The existence of 1. . is obvious, and the general
case follows from Proposition 3.10. a

3.2.6. Clifford relation. Now we study the commutator between the diagonal L-observables (3.14) and the
adjoint L-observables (3.16).
The commutator in the algebra H*Ox , induces a map

[Hl(a00>7 H_l(aNU)] : H1(07 601{) ® Hl(C? V/\,a)(l) — HO@XJ- (317)
The canonical element counity : h ® h* — k induces a natural pairing via cup product
counitp (o, ) - HY(C,bo,,) @ H(C, 0%, )(1) = H*(C,ke)(1) & k. (3.18)

Consider the map

, unity ®id®id .~ id®aCtV)\H ®id 1d®coun1tV>\ .
actly Vi ®Vowpry L B @B Vi OV s BT @ Ve OV s .

(3.19)
It induces a natural map

H'(acty, o) H'(C,Vao)(1) = H'(C, bz, )(1). (3.20)
Theorem 3.4. The following identity holds

[H'(a0,), H™(03,0)] = —counit 5,y o (id@ H' (actyy ) - > detere
eemy(H)

€ Hom (H(C, By,y) ® H(C. Va0 (1), H'Ox.)
where lejey e € H0©X)(e+ehe))g s a translation L-observable as defined in Definition 5.2.

We will prove Theorem 3.4 in §3.4. §
When X\ # 0, we choose a splitting H*(C, Va,)(1) = H*(C, b}, )(1) ® K for the quotient map

H'(acty, ) H'(C,Vao)(1) = HY(C.b;,)(1).
We obtain the following immediate corollary of Theorem 3.4.

Corollary 3.5. For A # 0, we have

[Hl(aao-)7 H71(0A7g)|H1(C’6;H)(1)} = —CounltH1 Ch H) Z 16+e>\,e
eemi(H)

€ Hom®(H'(C, o) ® H'(C,b7,,)(1), H'Ox.»)
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3.2.7. Atiyah—Bott formula. We also have the following corollary.

Corollary 3.6. When ey =0 and A # 0, the map H*I(DA,J)|H1(C b= (1) induces an isomorphism of vector
-
spaces

/\*H_l(a,\,a)|H1(c,5;H)(1) Mo s A(H(CB5,)(1) = H¥( Fo)

X,e
by taking the action on e, € H([y , Fo) for each e € i (H).
Proof. Consider the induced map on the tensor algebra
—1 QR * . . 1 [ R * — %
H (a)\70') Hl(C,F)gH)(l) Ne,o * (H (07 ho’H)(l)) — H ( Xe ]:0')'

It factors through the natural quotient map (H'(C,h%, )(1))®* — A*(H'(C,b%, )(1)) by Corollary 3.5

(or more directly, follows from the fact that diagonal L-observables are mutually commutative which is

explained in the proof of Proposition 3.12(1)). Therefore, we obtain the map A*H " (0x0)| 1= (1) Mo :
N

A*(HY(C,b%,)(1)) = H™*([y , Fo)- The injectivity of this map follows from the ey = 0 case of Corollary
3.5 (see the proof of [Wan25, Lemma6.16]). The surjectivity follows from a dimension comparison using
Proposition 3.1. (I

We also note the following consequence of Corollary 3.6 for later use.
Corollary 3.7. For each e,e’ € m(H), there exists an isomorphism of graded vector spaces
(H*(|  F,)) = o~ Qo 2dimH [ 7y (g—1)dimH).
X,e X,e/

3.2.8. Diagonal L-observables. Now we study further the diagonal L-observables defined in (3.14) for each
A=(Am,A\g) € X, (T)4.
We first study H=1(0y,,).

Proposition 3.8. For A # 0, the map
H™ ' 0),): H(C,Vy6)(1) > H 'Ox,
factors through H* (act’VAH,UH) defined in (3.20). That is, there exists a unique map

H-1(05,): H'(C,b;,)(1) = H 'Ox , (3.21)
such that H=1(0y,) = H 1(0),) © Hl(act'vAH’aH).

Proof. Consider K = ker(Hl(actQ,AHyaH)) C HY(C,Vy,)(1). We need to show that H= (0, ,)(K) = 0. By

Theorem 3.4, we know that H=1(, ,)(K) C H '(Ox ) commutes with adjoint L-observables. This implies
that H=1(0, »)(K) lies in the subalgebra of H*Qx , generated by adjoint L-observables and translation L-
observables (use Corollary 3.6 and Corollary 3.5), hence, implies that H (9, ,)(K) = 0 for cohomological
degree reason. O

Combining Theorem 3.4 and Proposition 3.8, we obtain the following Clifford relation between the diagonal
L-observables and the adjoint L-observables.

Theorem 3.9. The following identity holds

[Hl(aad)vHil(D)\yU)] = _CounitHl(C,ﬁaH) ’ Z 1€+€A78 € HomO(Hl(Cv [:JUH) ®H1(Cv B:;H)(]')aHO@X,U)'
ecm(H)

Then we study H°(0, ). Consider the map
H2(counitVAH’gH) CH?(C, Vo) (1) = H*(C ko) (1) 2 k. (3.22)
Proposition 3.10. The following identity holds

H(0),) = H*(comnity, o) D leyey.e € Hom(H?*(C,Vy,)(1), H'Ox ,)
ecmy(H)

where lejey e € HO(@X)(E_WM@),U s a translation L-observable as defined in Definition 3.2.
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Proof. We need to show that each component of H%(d, ,) applied to appropriate elements in H?(C, V) ,)(1)
satisfies the condition in Definition 3.2.

The condition Definition 3.2(1) follows from [Wan25, Lemma 5.15]. The condition Definition 3.2(2) follows
from the fact that diagonal L-observables are mutually commutative (see the proof of Proposition 3.12(1)).
The condition Definition 3.2(3) follows from (1)(2) by Corollary 3.6. O

3.3. Ran filtration. In this section, we introduce a natural filtration {FFanH*©X7U}.€Z on the algebra of
L-observables H*Ox ,, which we call the Ran filtration.®

3.3.1. Definition of the filtration. We first introduce a filtration on H*Qx . , for each e € w1 (H). We choose
0 # Ay € X.(Tu)+ such that ey = 0. Then the map A*H-1(05,) - N, in Corollary 3.6 induces an
isomorphism of vector spaces

N (H'(C,b5,)(1)) 2= H™( . Fo)-

Therefore, the vector space [ .o Fo is identified with the free exterior algebra generated by the finite-
dimensional vector space H*(C, BZH)(I), and the endomorphism algebra H*Qx ¢, = End(H*([, _F,)) can
be identified with the ring of differential operators on the odd vector space H'(C, ﬁjH)(l)* In particular, it
admits a natural increasing filtration by the order of differential operators. We use {FE*H*Qx ¢, }ocz t0
denote this filtration.

For e, ¢’ € m1(H), we define filtration F3** H*Qx (¢ ¢r),0 by

FR"H*Ox (e0),0 = leer - FSH*Ox o0 -

Finally, we set
FY"H*Oxo= @ FFHOx (e
ee’emy(H)
which is a filtration on the algebra H*Ox ;.
This filtration is multiplicative and satisfies

[F"H*Ox 0, F} " H*Ox,e.6] C Fi3" 1 H Ox e (3.23)
for any ¢,j € Z and e € w1 (H).

3.3.2. Associated graded algebra. Since the filtration F,RanH*(O)XJ on H*Ox , is multiplicative, there is an
induced algebra structure on the associated graded vector space Gr,R‘m H*Ox ,, which admits the following
description:

Proposition 3.11. There is a canonical isomorphism of algebras

A®(HY(C,b,,)(1) © H'(C,bsy,)) © End(k[m (H)]) = Gr™ H*Ox o (3.24)
where ® is a grading variable taking integer values.
Proof. This follows from Theorem 3.9. O
3.3.3. Characterizing the filtration via L-observables.
Proposition 3.12. The following holds:

(1) For any V € Rep(G) and any ¢}, € Hom%ep(c) (V,PLx 1), the induced map
H*(g(cy)o) : H*F2(C,Vo)(1) = H*Ox,

factors through FE"H*Qx ;.
(2) For any V' € Rep(G) and any ¢, € HomORep(G)(V’, PLx 1(2)), the induced map

H*(g(cy1)o) : H*(C, V) = H*Ox 4
factors through FR"H*Qx ;.

5The name “Ran filtration” is taken from [F'YZ26, §5.5.4] in a different but related context.
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Proof. If g = 1, one has fX . Fo =k for each e € 7, (H) and there is nothing to prove. We can assume g # 1.
For simplicity, we assume that |71 (H)| = 1 and leave the general case to the reader.

For (1), note that for any V, W € Rep(G) and ¢}, € HomORep(G) (V,PLx ) and ¢y, € Hom%ep((;) (W,PLx 1),
since [c},, c}y/] = 0, by [LW25, Theorem 4.47], one has

[8(cv), g(ew)] = 0. (3.25)

By Corollary 3.6 and Proposition 3.10, we know FF*"H*Qx , is generated by diagonal L-observables
in (3.14). Since elements in im(H*(g(c},),)) commute with diagonal L-observables by (3.25), we have
[im(H*(g(clv)U)), FoH*Ox ] = 0. One easily verifies that FyH*Ox , C H*Ox , is a maximal commutative
subalgebra, which implies (1).

For (2), note that a similar argument as above shows that [im(H*(g(c})s)), FoH*Ox ] C FoH*Ox ;.
One easily verifies that F1 H*Ox , C H*Ox , is the maximal subspace such that [F1H*Ox ., FoH*Ox 5] C
FoH*Qx .. This implies that im(H*(g(¢})s)) C F1H*Ox 4. O

Note that Proposition 3.12 and Corollary 3.6 together imply that the filtration FR*" H*Qx , is indepen-
dent of the choice of Ay € X, (Th)+.

3.4. Proof of Clifford relation. In this section, we give the proof of Theorem 3.4.
Consider the cup product

U:T(C,h,p,) @ T(C, VAo )(2) = T(C oy @ Voo )(2) (3.26)
and the map
[(acty,, . ©1d) : D(C,hey @ Vagon @ Vi 0,)(2) = T(C, Vi 0)(2). (3.27)
We first observe the following primitive version of the Clifford relation.
Lemma 3.13. One has
[@05,0x,0] =055 0 ['(acty,  , ®@id)oU e Hom"(T(C, bopy ) @ T(C, Vao)(2),0x ).

Proof. When g = 1, the identity trivially holds since T'(C, by, ) = 0. When g # 1, the identity follows from
Proposition 2.6. O

Proof of Theorem 3.4. The theorem is trivial when A = 0. We only consider the case when ey = 0 and A # 0
since the general case can be proved in a similar way. Consider the subspace

Sy = n ker(H°(0),0)(x) — Hg(counithH,gH)(x)) C H*(/ Fo).
TE€H?(C,Vy,»)(1) X

Lemma 3.14. The following holds:

(1) We have ne,, € Sy for each e € w1 (H).
(2) Sy is stable under im(H*(05,,)) C H*(Ox,0).

Proof. (1) follows from Proposition 3.10 (the part we are using is independent of Theorem 3.4). (2) follows
from the fact that diagonal L-observables are mutually commutative (see the proof of Proposition 3.12(1)).
O

Lemma 3.15. Theorem 3./ holds when restricted to the subspace Sy C H* (fX F5). That is, we have
[H (ad,), H  (0r0)]|sy = counit i (g, ) © (id ® Hl(actlvm o ))lsa
€ Hom(H'(C, §py) @ H(C, VAJ)(I),HomO(S,\,H*(/X F))).
Proof. By Lemma 3.13, we only need to show
counit i g, o (id® Hl(act'vm)(,H))|sA = H(0x ) 0 H*(acty,, ,, ®id)oUls,.
Since H%(0x,0)|s, = H?(counity, o, )|s, by the definition of Sy, we only need to show

counit 1 ¢, ) © (id® Hl(actQ/AHVJH)) = Hz(counitVAHVUH) o Hz(actVAH,UH ®id) o U.
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This follows from the commutator diagram

acty ®id

. i
hR Vi, @ VY, —— Vi, @ VY,
. , .
ld®aCtVAHJ/ J{COUHWVAH .
Counitﬁ

h®h* k

O

We show by induction that H=~"( [, F,) C Sy for m € Z>o. The base case m = 0 is Lemma 3.14(1).
Assuming H="""1( [ F,) C Sy holds, we would like to show H~"( [, F,) C Si.
Consider a splitting H*(C, V) ,)(1) = HY(C, b, )(1) & K for the quotient map

H'(acty, ,,): H'(C,Vag)(1) = H'(C.b;,)(1).
By Lemma 3.15, we have
[Hl(aaa)vH_l(DA,U)|H1(C,6;H)(1)]|S/\ = —counit i 5, sy

€ Hom(H'(C, b, ) ® H'(C, Gf,H)(l),HomO(SA,H*(/ Fo)))
p's
From this, a standard argument (see the proof of [Wan25, Lemma 6.16]) implies that the natural map

N=TT(HY(C by, ) (1) = T

given by acting on the element 7. , € HO(fX . Fo) is injective for each e € 71 (H). By Proposition 3.1, this
map is also surjective, which implies that H~"( [ F,) C Sx by Lemma 3.14. This concludes the proof of
Theorem 3.4 when ey = 0. O

3.5. Intersection observable. Now we introduce and study the intersection observable, which is a key
ingredient for the proof of Theorem 1.4.

3.5.1. Definition of the intersection observable. Consider the map

1: Ox,, = End(Ox,), l(z)(y) =zoy (3.28)

r:0x, — End(Ox ), r(z)(y) = (=1)=Wly oz (3.29)
given by left and right multiplication. Define the adjoint map
ad : Ox,, — End(Qx,), ad(z)(y) = [z,y] =z oy — (=1)Wy oz, (3.30)
Consider the multiplication map
m: End(Ox,) ® End(Ox ) = End(Ox,), m(z ®y) =zo0y. (3.31)
Consider the canonical element

unitr(e,v,s.0) € H'(D(C, Vao) @ D(C, Vougro)(2)) (3.32)

induced by the element unity_,, , € Homg{ep(c)(kj, VA ® V_uoa) given by the Satake cycle.
We are interested in the intersection observable

I'yo:=mo (1 ® r)(bdet,)\’g & ‘Ofwo)\’o-)(unitp(cﬁviwo)\ya)) S End(@x’g). (333)
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3.5.2. Decomposition. We define the derivative part of the intersection observable to be
Ve = —mo (1® ad)(ddet,r,0 @ D_wg,\yg)(unitp(cyvfwoxva)) € End(Ox ). (3.34)
and the scalar part of the intersection observable to be
By :=mo (1®1)(dget, .0 ® ofwox\,o)(unitr(c,v,wox,a)) € End(Ox ). (3.35)
It is clear that I'y ; = Vo + Bao-
The scalar part B, is described by the following proposition.
Proposition 3.16. We have By, = (—1)%u (29 — 2)by € k C End(Qx ) where by is given in (2.16).

Proof. Consider unity € HY(C,Vyo ® V_uoro) and 1 € HY(C, ke) = k.

—worio
Bio =mo (1®1)(ddet,x,0 ® d—wor,o) (unitrc,v_, .))
= 1(m 0 (det,n,0 ® V—wor,o) (Unitr(c,v_, ».)))

= 1(m 0 (et x,0 @ V—wpr,o) © Acy(unity_, , )
= 1((2det,\ © 0w )o (unity_,, , .))

g(unity,, | (dgeer © 05 400))o (1))

(

(

g((= )d*H“bxﬁ) (1))
(=)t (2 — 2g)by)
1) (2g — 2)by.

1
1
(=

Here, the fourth equality follows from (3.13), the fifth equality follows from (2.22), the sixth equality follows
from Proposition 2.5, the seventh equality follows from the fact that the natural coordinate map Coor : C' —
B Aut(D) satisfies Coor (h) = c1(Tc) € H*(C, k) where T¢ is the tangent bundle of C, and the remaining
equalities are straightforward. |

For the derivative part V) ,, we first note that the following.

Lemma 3.17. The operator H*(Vy ) € End(H*Qx ,) preserves the Ran filtration FR*"H*Qx , defined
in §3.3.1. Moreover, the induced operator on the associated graded algebra

Gr™ H*(Vi,,) € End(Gr®™ H*(Ox o))
is an End(k[m (H)])-linear derivation.

Proof. For simplicity, we assume that |m (H)| = 1 and leave the general case to the reader. By Proposition
3.12, we have im(H*(ddet,1,0)) C FRaH*Ox , and im(H*(0_yor.0)) C Fo*H*Qx ,. By (3.23), we know

1(im(H* (0aetr.0))) (FF*" H*Ox ) C ¥ H* Ox
and
ad(im(H* (0 _yor.0))) (FRH*Ox ) C FRRH*Ox
for any ¢ € Z. This proves both claims. |
Then we have the following description of Grrfigm H*V ) ..
Proposition 3.18. We have
Gri® H*V, , = Vg, , ®id € End(A™ (H*(C, b}, )(1) & H'(C,by,,)) @ End(k[r1 (H))))

where we are using the isomorphism A* (H(C, %, )(1 )@Hl(C 6 »))@End(k[ri(H)]) = H*Qx,, in Propo-
sition 5.11, and Vg, , is the k-linear derivation on A\* (H* (C » (1)@ HYC,byy,)) induced by

Exo = (0, (~1)"#exid) € End(H'(C,b,,)(1) © H'(C, b))

where €y is given in (1.10).
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Proof. For simplicity, we assume that |71 (H)| = 1 and leave the general case to the reader. We only need
to show that Gry™ H*V , and Vg, _ coincide on the generators in H*(C,b%, )(1) and H*(C,b,,,).

For the first part, note that im(H*(0_y,x,0)) C Fy*"H*Ox ,, which implies that Vaelprang-oy.,, =0
Therefore, Gry™" H*VA76|H1(C75:H)(1) =0= VE)\,U|H1(C,6;H)(1)’

For the second part, note that

Vao(@ds(—)) = —mo (1® ad)(ddet,r,0 @ D,U,O)\’J)(unitp(cvvfwoha))(abg(—))

(Vdet,r o0 @ 0—wor,o ﬂao])(unitr(c,vﬂ,o,\ya) ® —)
(
(

—Im o

= —m 0 (Vdet,x,0 ® [0—wox, @d]5) (unitrc v, 5 ) U —)

= —mo (Vaet,n0 ® ((acty_,, ,, Bid)"D_wor)o)(unitrcv, 5 ) U—)
= —m o (Vget,r,0 @ ( wory K1) 0 _50)0) © Ac, (unity U-).
= —(Vget,x © (actv_wOAH X id)*a,w(,)\)a(unitv_wokg u-)

= —g((ld @ unity_, )" (Oher,» © (actv_,,,, Kid)* L, 1)) ()

= g((—-1)Prerad’)y(-)

= (—1)"#erad, (—)

(acty_

wo A, o

Here, the fourth equality follows from Proposition 2.6, the sixth equality follows from (3.13), the seventh
equality follows from (2.22), the eighth equality follows from Proposition 2.4, and the remaining equalities
are straightforward. This implies that Grie® H*VA,U|H1(C,6[,H) = (—1)Preyid = EA,U\Hl(qBaH), which
concludes the proof of the proposition. |

4. DIAGONAL CYCLE AND INTERSECTION NUMBER

In this section, we work towards the proof of Theorem 1.4 and Theorem 1.2.

4.1. Cohomology of Shtukas. We first recall some background on the cohomology of Shtukas.

We use Locs® to denote the moduli stack of G-local systems with restricted variation, and Locgith
denote the moduli stack of Weil G-local systems as considered in [AGK'22¢]. There is a forgetful map
Loc%rith — Locg®.

Consider the map Iy : Shtg ; — C! remembering the legs. For each A\; € X, (T)j_, we have the intersection
cohomology sheaf ICy, € Shv(Shte 1) normalized to be perverse along fibers of I .

The cohomology of Shtukas is defined to be I;,ICy, € Shv(C?), or sometimes, we mean its global section
I'.(Shtg,1,ICy, ). Both of them carry an action by the algebra of excursion operators O(Locgith).

Let 0 € Locgith(k) be a geometrically strongly irreducible Weil G-local system as defined in Definition

to

res

1.1. In this case, the underlying reduced substack of Locgs® containing ¢ is isomorphic to BZ(G). Also, the

connected component of Locanrith containing o (we denote it by (Locgith)g) is isomorphic to BZ(G).

We use (I7,1Cy,), € Shv(CT) (resp. T'o(Shtg r,ICy,)s) to denote the direct summand of 17, ICy, (resp.
I'.(Shtg,;,ICy,)) on which C’)(Locgith) acts through O((Locgith)g). This is the o-isotypic component of the
cohomology of shtukas, which admits the following description:

Proposition 4.1. If o is automorphic, there is an isomorphism &o.1 : Vi, & 5 ({12 ICx, )o-

Proof. The map &, 1 is constructed via a Weil Hecke eigensheaf F, € Shv(Bung) with eigenvalue o as in
[Wan25, (5.6)], whose existence is guaranteed by [GR25, Theorem 0.1.4] and [AGK ™ 22a, Main Theorem 0.2.6]
under the assumption that o is automorphic. It is straightforward to verify that the image of &, 1 is contained
in the o-isotypic component (I7,IC,,),. By Corollary 4.3, the map &, is injective. By [AGIK "22a, Main
Theorem 0.3.10], we know that the source and the target are abstractly isomorphic, which implies that &,
is an isomorphism. O

Note that the isomorphism &, ; depends on the choice of F,, which we will always fix once and for

all. Moreover, for the G-local system ci(o) obtained by applying the Cartan involution to o, we will fix
Fep(o) = DVer(F,).
G
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4.2. Diagonal cycle and intersection pairing. Now we specialize to the group case and study the diag-
onal cycle and intersection pairing.

We consider the case G = H x H, and 0 = (o, cp (o)) for some automorphic oy € Loc‘gith(k). We
choose a Weil Hecke eigensheaf F,, as in (3.3).

For Apyr € X*(TH)I+ and A\; = Agr,A\mg) € X,.k(T)I+7 consider the diagonal map Agp : Shty,; — Shtg ;.
Consider the fundamental class

[Shtrr<xy, /C'] € Hom® (L1088, 1Cx,, kor) 2 Hom (I sy, (2day ) ko) 2k (41)

where I : Shty r — C' is the map remembering the legs. Define the diagonal cycle class to be

r d
ASht,![ShtH,g)\HJ /CI] € Homo(l” ICAI’ECI) = IH?AI+2 (Shtcyg)\l)(% + 7”)*. (42)

Consider the diagonal map Agpe2 @ Shtgr — Shtaxe,r. The same construction as above gives us the
diagonal cycle class (a.k.a. intersection pairing)

(s )ar = Dsne,24[Shte,<x, /CT] € Hom®((I1,41C,) % k). (4.3)
It induces the intersection pairing (1.1) by taking cohomology and cup product.

4.3. Intersection number as a trace. We would like to study the o-isotypic part of various cycle classes
defined above:

(Asne [Shta,<xg; /C' o = (Asne, [Shta, <y, /C)le, s

4.4

EHomO(VA,’U,k) gHZT(CIaV)\I,U)(T)* ( )

(Asm,!([ShtH,gAH,z /U H Cl(ﬁdet,i)))g = (Asm,l([ShtH,gAH,z /CMu Hcl(ﬁdet’i)» ¢ (4.5)
i=1 =1 . )

€ Hom®(Vy, o, k(2)) = H(C*, Vi, .0)"
< y >>\I70' = < ) >/\I|§a,1®§cc~;(o),1 € HOmO(V)\ha Y VA17C@(U)7k) = HomO(VALU ® V—w())\I,Ua k) (46)

where ¢z : G — G is the Cartan involution. To do this, consider

Zxp,0 = tr(Frob OD,\,,U,/ Fs) € H2T(C’I,V>\,,U)(T)* (4.7)
X

Zdet \p,0 = tr(Frob obdet,h’m/ F,) € H(C!, Wy, »)". (4.8)
Also, there is a canonical counit ¥
counity, . Vx, 0 ® Vowgry,o = ket (4.9)
induced by counity, : Vi, ® V_yyx, — k given by the Satake cycle.

Proposition 4.2. The following holds:
(1) (Asne,[Shtr <y s /CT])e = 23,0 € H?(CF, Vy,,0)(r)"
(2) (ASht,!([ShtH,SAH,I JCTIUTTi—, Cl(ﬁdet,i))) = Zdet a0 € HO(CT,Va, 0)"

o

(8) {, )rs.0c = tr(Frob, I'o(Bung, F» ® Fe(s))) - counity, , € HomO(V,\“, Q@ V_worr,or kor)-

Proof. For (1) and (3), when H = GL,,, they follow from [Wan25, Proposition 6.11]. The proof in loc. cit.
relies on [Wan25, Assumption 5.13], which is only verified when H = GL,, in loc. cit. but now confirmed in
general by Corollary 3.6. Therefore, the same argument as in loc. cit. works in general.

For (2), one can slightly modify the proof in loc. cit. for (1). We adopt the notations in loc. cit.. One
replaces the identity in [Wan25, Proposition 6.11, Theorem 3.3] by

”
Asne, ([Sht,<ay, /CTTU H c1(Laet,i)) = trgn,cr (Vdet,Ar)- (4.10)
i=1
Then the same argument as in loc. cit. works. To prove this identity, one only needs to prove

[ShtHaS)\H,I /CI] U H Cl(ﬁdet,i) = trShttCI([HkH,S)\H,I /BllHH XCI} U Hcl(cdet,i))- (411)

i=1 i=1
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This follows from the identity

[Shta,<xy,, /O] = trspor (Hkm,<a, , / Bung xCT) (4.12)
in the proof of [Wan25, Theorem 3.3] and the fact that trgp, cr is linear over F(HkH,IvEHkH,I)-
O
The following corollary is a refinement of Theorem 1.2.
Corollary 4.3. One has
() Yare = |m(H)|L(1, by, )? - counity, € Hom® (Va0 @ Vowgas.o kor)- (4.13)

In particular, the intersection pairing ( , )x,,o € HomO(V,\I,U ® V_worr,o, kcr) is nondegenerate.

Proof. Proof of the identity is identical to [Wan25, §6.3.2]. By [Laf02], every irreducible Weil local system
on C' is pure. Since the Weil local system b,,, is self-dual and irreducible, it is pure of weight 0. Therefore,
we have L(1,h,,) # 0, which implies the nondegeneracy of the intersection pairing. O

4.4. Relation with the intersection observable. Now we relate the desired intersection number in
Theorem 1.4 to the trace of the intersection observable introduced in §3.5.
For A= A1, , Auy) € X*(TH)I+ and A\ = (Ag,1, A1) € X*(T)fr, consider the multi-leg intersec-
tion observable
F)\I,g = F>\17JO~-~OF)\T7U EEHd(@XJ). (414)

Lemma 4.4. The following identity holds:

<(A5ht,! ([Shta,<x,, /CTTU H c1 (ﬁdet,i))>oa (Asht,1 [Sht gz, <x /C'I])cé(a)>/\
i=1 na
(4.15)

qf(gfl) dim H
= - tr(FroboH*T'y, o, H*Ox o
T (L5 o 70X

(
is the dual pairing of (—, =)0 as in (1.8).

*

where the pairing (—, —)3, ,

Proof. Consider the unit
unity_, k= Va, @ V_wor,

given by the Satake cycle. It induces an element

unity € H(C', Va0 @ Vowgrro)s

woAp,o
and hence an element
unitp(cl,viwo)\[’a) € HO(F(CI, V)\I7a') ® F(CI, V_MOAI7J)<2T>).

Since

2r ) 4
HO(F(Clﬂ V)\I,J) ® F(CI7 V7w0A1’0)<2T>) = @ Hz(c]’ V/\I"") ® H27l_1(0I7 V*wn)\l,d)(r%

i=0

we have a decomposition

2r

unitp(cz,v_wohﬁ) = Zunit%(cawwwlﬁ),
i=0
where
unitpery, Ly € HU(CH, Vaye) @ HY 7H(CT, Vg, o) ()
Consider also the counits
counithH’I WVan: ®Voworn: — K

counity Voworw: @V, — k.

WONH, T

They induce

CounitVAH,IvCH(UH) = COUHitV_wOAH’IﬂH : _Z:_IQT(CJ7 V)\I,C@ (0))(/,4) o HQT‘(CI’ Vfwo)q,o)(r) k. (416)
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By Corollary 4.3, we have

<_?_>)\17o' = |7T1(H)|L(1 6 )2unltF(CI,V,wO>\IYU) € HO(F(Clval,U) ®F(017V—w0>\1,0)<2r>)' (417)
sVoy
We have
((Asuer (Sntr.crm s /U] e1(Laera))) - (BsnealShtarcn s /C oo,
i=1 7 ne

1
m(H)IL(1, boy )2
— 0 0 10 * *
= |71’1(H)‘L(1, BD'H)2 tI‘(FI‘ObO(H Odet,A;,0 @ H a)\f,cc(a))(unltI‘(Cf,V,woMﬁ))aH (/X ]:0') ®H (/X ]:cc(a)))

1
~mi(H)|L(1, b))

qf(gfl) dim H

~m(H)|L(1,b,,)
qf(gfl) dim H

m(H)|L(L, b,y )2
qf(gfl) dim H

m(H)|L(1,boy)
qf(gfl) dim H

)

-0
(Zdet, A p,0 ® Z>\I7cc(o'))(unltF(CIA/iwo/\I)a)

5 tr(Frob o(H%qget 0.0 @ counitVXijcﬁ(aH))(unit(ll(cf’viwohya))’H*(/X Fy) @ H*(/X Fee(o)))

5 tr(Frob o( H%get x; .0 @ counitvfwommm)(unitg(cl’wwhﬁ)),H*(/X F,)® H*(/X F)*)

tr(Frobo(m o (1@ 1)(H04det, 0,0 @ counity_ ., )(unit%(caviwuhyo)))’ H*Ox,)

5 tr(Frobo(m o (1@ 1)(H0det,nr,0 © HO0—wox o) (unitp oy ), H"Ox o)

woAp,o)

- |7T1 (H)‘L(L BUH)Z tI’(FI‘Ob O(m ° (1 ® I‘) (H*Ddet,)\z,a ® H*D—wo)\r,U)(unitp(cI7V7WOAIYU)

qf(gfl) dim H

w1 (H)L(1, b0 )
Here, the first equality follows from (4.17) and Proposition 4.2, the third and sixth equalities follow from
Proposition 3.10, the fourth equality follows from Corollary 3.7 and (4.16), and the seventh equality holds
because the two operators involved have the same semisimplification for cohomological degree reasons. The
remaining equalities are straightforward. This concludes the proof of Lemma 4.4.

), H"Ox 0)

tr(FroboH™T'y, », H*Ox 5)

O
4.5. Proof of the main result. Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. We have
tr(FroboH Ty, », H*Ox o)

=1yt g (H)P te(Frob o T[ (Vg0 ) + (20—~ 2" ey ), A% (H(C, 52, )(1) & B, )
=|m (H)[*L(1,bs,,) <.H(_% lo;q% + (29 — Q)Y(lj) m)) L(s,b0y) s=0

where the first equality follows from Proposition 3.18 and Proposition 3.16, the second equality follows from
a standard computation and (—1)®#.1 =1 as Shty <y, , # @.
Then the desired identity follows from combining the above identity with Lemma 4.4 and the fact
L(1,b,, ) =q o=DdmH L f . This concludes the proof of Theorem 1.4.
O
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